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apJ-samgn

KpW-\n-e-hm-c-apÅ hnZym-̀ ymkw Hmtcm Ip«n-bp-sSbpw Ah-Im-i-am-Wv. AXv Dd-̧ p-

h-cp-̄ pI F¶Xv \½psS IÀ¯-hy-am-Wv. hnZymÀ°n-I-fpsS ]T-\-\n-e-hmcw anI-hp-ä-Xm-

¡p-hm-\pÅ bXv\-§Ä FÃm kvIqfp-I-fnepw \S-̧ n-em¡n hcp-¶Xv Gsd kt´m-j-I

-c-am-Wv. lbÀ sk¡-­dn hnZymÀ°n-I-fpsS ]T-\-\n-e-hmcw DbÀ¯p-hm³ Imk-d-tKmUv

PnÃm ]©m-b-̄ nsâ t\Xr-Xz-̄ nÂ \S-̧ n-em-¡n-h-cp¶ anIhv ]²Xn PnÃ-bnse lbÀ

sk¡-­dn hnP-b-i-X-am\w KWy-amb coXn-bnÂ DbÀ¯p-hm\pw PnÃ-bpsS hnZym-̀ ym-k

-]n-t¶m-¡m-hØ Hcp ]cn-[n-hsc ]cn-l-cn-¡p-hm\pw klm-bn-̈ n-«p-­v.  lbÀ sk¡-­dn

]co-£-bv¡pÅ aps¶m-cp¡ {]hÀ -̄\-§Ä FÃm kvIqfp-I-fnepw \S-¶p-h-cp¶ Cu kµÀ -̀

¯nÂ Ip«n-I-fnÂ Bi-b-§-Ä  IqSp-XÂ  ZrUo-I-cn-¡m³ DX-Ip-¶, A²ym-]-IÀ¡v klm-

b-I-amb Hcp ssI]p-kvXIw "anIhv 2014' Imk-d-tKmUv PnÃm ]©m-b v̄ Cu hÀjhpw

]pd-̄ n-d-¡p-I-bm-Wv. tNmZy-§Ä, NÀ¨-IÄ, sNdp {Kq¸v {]hÀ¯-\-§Ä XpS-§nbhbn-

eqsS CXv km[n-¡p-sa¶p R§Ä hniz-kn-¡p-¶p. Xmgv¶ \ne-hm-c-apÅ Ip«n-IÄ¡pw

DbÀ¶ \ne-hm-c-apÅ Ip«n-IÄ¡pw Hcp t]mse KpW-I-c-am-Ip¶ hyXykvX \ne-hm-c-̄ n-

epÅ ]T\ {]hÀ¯-\-§Ä CXnÂ DÄs¸-Sp-̄ m³ R§Ä {i²n-̈ n-«p-­v. Cu hÀjw PnÃ-

bnse apgp-h³ Ip«n-I-sfbpw C+ \p apI-fnepÅ t{KUp-I-fn-te¡v DbÀ¯pI F¶ \½psS

e£yw km£m-Xv¡-cn-¡m³ CXv klm-b-I-am-Ip-sa¶v R§Ä {]Xym-in-¡p-¶p. AXn-\mbn

PnÃ-bnse apgph³ {][m\ A²ym-]-I-cp-sSbpw, A[ym-]-I-cp-sSbpw, Ip«n-I-fp-sSbpw,  c£n-

Xm -¡-fp -sSbpw \m«p -Im -cp -sSbpw BßmÀ°-amb kl-I-c-Whpw ]n´p-W-bpw

{]Xo-£n-̈ p-sIm-­v,

        {]kn--U-­v

PnÃm ]©m-b v̄, Imk-d-tKmUv.
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1.  RELATIONS AND FUNCTIONS

Previous Knowledge
Cartesian Product
1. A, B Ch iq\y-K-W-§-fÃmsb¦nÂ A bnse Hmtcm AwKhpw BZy-kw-Jy-bmbpw B bnse

Hmtcm AwKhpw c­m-as¯ kwJy-bmbpw hcp¶ {Ia-tPm-Sn-I-fpsS KW-amWv A t{ImÊv

B. CXns\ AXB F¶v kqNn-̧ n-¡p-¶p.

example: A = (1,2)     B = (3,4)    F¦nÂ AXB ={(1,3), (1,4), (2,3), (2,4)}.

2. Relation (_Ôw)

A F¶ KW-̄ nÂ \n¶v B F¶ KW-̄ n-te-¡pÅ relation FÃm-bvt¸mgpw AXB bpsS D]-

KWw (subset) Bbn-cn-¡pw. A bnÂ \n¶v B bnte-¡pÅ relation \nse AwK-§Ä FÃm-

bvt¸mgpw {Ia-tPm-Sn-I-fm-bn-cn-¡pw.

3. Domain

A bnÂ \n¶v B bnte-¡pÅ Hcp relation se {Ia-tPm-Sn-I-fpsS BZyAwK-§-fpsS KWs¯

dnte-jsâ aWvUew (domain) F¶p-]-d-bp-¶p. {Ia-tPm-Sn-bnse c­m-as¯ AwK-§-fpsS

KWs¯ Range of a relation F¶pw hnfn-¡p-¶p.

4. Functions
A bnÂ \n¶v B bnte-¡pÅ dnte-j³ function BI-W-sa-¦nÂ A bnse FÃm AwK-

§Ä¡pw Htc Hcp image ({]-Xn-_nw-_w) B bnÂ D­m-bn-cn-¡-Ww.

hyXykvX coXn-bn-epÅ _Ô-§Ä

Reflexive relations
A  relation R on A is a relfexive If aRa, a A   or (a,a)   , a A    i.e, A A bnse FÃm

AwK-§Ä¡pw AtX AwKw CtaPv Bbn-h-cp¶ {Ia-tPm-Sn-IÄ R - Â D­m-bn-cn-¡-Ww.
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Symmetric Relation

A relation R on A is said to be symmetric if (a,b)      (b,a)    AXm-bXv X¶n-«pÅ R

F¶ _Ô-̄ nÂ (a,b) F¶ {Ia-tPmSn R Â Ds­-¦nÂ (b,a) F¶ {Ia-tPmSn RÂ \nÀ_-

Ô-ambpw D­m-bmÂ am{Xta R Hcp symmetric relation BsW¶v ]d-bp-I-bp-Åq.

DZm:-þ Let A = {1, 2, 3, 4)

Define R = {(1, 1), (2, 2), (3, 3), (1, 4), (4, 4), (4, 1), (2, 3)}

Here R is a reflexive relation and symmetric relation. Because (a,a)   , a   and (1,4)

  , (4, 1)   ;  (2, 3)  ; (3, 2) 
Eg:- A = {1, 2, 3, 4},  A relation on R is defined as R = {(1,1), (3,2), (4,3), (4,4), (2,3), 3,4)}

Ans: X¶n-«pÅ _Ôw Hcp reflexive relation AÃ ImcWw (2,2),    ]s£ R Symmetric

relation BWv. ImcWw (3,2)  , (2,3)   , (4,3)  , (3,4)   .

Transitive Relation
A relation is transitive if (a,b)  , (b,c)     (a,c)  
Hcp _Ôw R Transitive relation BsW¶v ]d-b-W-sa-¦nÂ (a,b), (b,c) F¶nh R se AwK-

§-fm-bmÂ (a,c) R-se Hcp AwK-am-bn-cn-¡-Ww.

DZm: Z (]qÀ®-kw-Jym-K-Ww) F¶ KW-̄ nse Hcp _Ô-amWv Xmsg sImSp-̄ n-«p-Å-Xv.

 R = {(a,b)/a-b  2sâ KpWn-X-am-Wv, a, b, Z}

Ans: ChnsS Hcp {Ia-tPmSn R-se AwK-am-I-W-sa-¦nÂ (b-a) 2 sâ KpWn-X-am-bn-cn-¡-Ww.

(a,b), (b,c), R   b-a, c-b Ch 2sâ KpWn-X-am-Wv. (a b) m (2)  (2 sâ KpWn-Xw)

  b-a+c-b 2sâ KpWn-X-am-Wv.   (b a) M(2)    thus R is symmetric.

  c-a, 2 sâ KpWn-X-am-Wv.

  (a,c) R, a,b,c R

AXp-sIm­v R - Hcp transitive relation BWv.

Equivalence Relation

A F¶ KW-̄ nÂ \nÀh-Nn-¡-s¸-«n-«pÅ Hcp _Ôw R (ie, R:AA) Equivalence relation

BI-W-sa-¦nÂ,

1. R - Reflexive Bbn-cn-¡-Ww. ie, (a,a) R, a A 
2. R - Symmetric Bbn-cn-¡-Ww. ie, (a,b) R (b,a) R

3. ie, (a,b) (b,c) R   (a,c) R  (transitive Bbn-cn-¡-Ww)
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DZm-l-cWw

Z F¶ KW-̄ nÂ \nÀh-Nn-¡-s¸-«n-«pÅ Hcp _Ô-amWv (relation)

R = {a, b) : b-a, 2 sâ Hcp KpWn-X-am-Wv a, bZ}

ChnsS R Hcp equialence relation BWv. F´p-sIm-s­-¶mÂ

1. R - Reflexive BWv.

Let aR,  a-a = 0  a a 0 ax0 a a       =0

0, 2 sâ Hcp KpWn-X-amWv

  (a,a) R, a R 
2. R - Symmetric BWv.

Imc-Ww,

(a,b) R  2 sâ KpWn-X-amWv b-a

  2 sâ KpWn-X-amWv a-b

  (b,a) R

3. R ~Hcp transitive relation BWv.

For,

(a,b), (b,c) Ch R se AwK-§-fm-sW-¶n-cn-¡-s«.

  b-a, c-b Ch 2 sâ KpWn-X-§-fm-Wv.

  b-a+c-b Ch 2 sâ Hcp KpWn-X-am-Wv.

AXm-bXv c-a 2 sâ Hcp KpWn-X-am-Wv.

  (a,c) R

hyXy-kvX-co-Xn-bn-epÅ GI-Z-§Ä (Types of Functions)
1. One-one or injective function

A F¶ KW-̄ nÂ (sk-äv) \n¶v B F¶ KW-̄ n-te-¡pÅ Hcp GIZw (function) one one

BI-W-sa-¦nÂ A bnse FÃm hyXykvX AwK-§Ä¡pw B bnÂ hyXykvX {]Xn-_nw_w

(C-ta-Pv) D­m-bn-cn-¡-Ww. AXm-bXv A bnse  c­v AwK-§Ä¡v Htc CtaPv BWp-Å-

sX-¦nÂ B c­v AwK-§fpw XpÃy-am-bmÂ am{Xsa GIZw Hcp one one BIp-I-bp-Åq.

AXymXv f(x1) = f(x2)  x1=x2,  x1, x2 A

DZm:þ

1
2
3
4

8
9
10
11
12

A Bf

One one

a
b
c

d

e

P Qg

g is not one one
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Onto Function (Surjective function)

A bnÂ \n¶v B bnte-¡pÅ 'f' F¶ GIZw Hcp onto function BI-W-sa-¦nÂ Bbnse

FÃm AwK-§Ä¡pw A bnÂ {]nþ-C-taPv D­m-bn-cn-¡-Ww.

ie, f : A B  Hcp onto function BbmÂ Bbnse GXv AwKw ]cn-K-Wn-̈ mepw B AwK-

§Äs¡Ãmw A bnÂ Hcp AwKw D­m-bn-cn-¡-Ww.

ie, y B  , we can find an element

x A  such that f(x) = y

Note: f : A B  Hcp onto function BsW-¦nÂ f(x) = y, (ie R(A)=B Bbn-cn-¡pw.

DZm-l-cWw:

1
2
3

A Bg

g is onto

a
b
c

d

e

x y

f is not onto

Bijective Function
A F¶ KW-̄ nÂ\n¶v B F¶ KW-̄ n-te-¡pÅ f F¶ function bijective BI-W-sa-

¦nÂ f one one Dw onto Dw Bbn-cn-¡-Ww.

A one one and onto function is bijective.

DZm:þ

A F¶ KW-̄ nÂ \n¶v B F¶ KW-̄ n-te-¡pÅ Hcp function bijective BbmÂ n(A)=n(B)

Bbn-cn-¡pw.

f

b

a

.1

.2

.3

.4

.a

.b

.c

.d

bijective
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Composition Function
Let f :  A B and g : B C be two functions. Then the composition of 'f' and 'g' denoted by

gof is defined as the function gof : A C given by (gof)(x) = g(f(x)), x A 

Eg:- Let A = {2, 3, 4, 5}, B={3, 4, 5, 9}

and C = {7,11,15}, F : A B , g : B C  defined as f(2)=3, f(3)=4, f(4)=f(5)=5 and g(3) =

g(4) = 7 and g(5) = g(9) = 11

Find gof
Clearly from the figure

gof = {(2,7), (3,7), (4,11), (5,11)}

OR

Domain of gof = A

Range of gof = C

(gof) (2) = g(f(2) = g(3) = 7

(gof) (3) = g(f(3) = g(4) = 7

(gof) (4) = g(f(4) = g(5) = 11

(gof) (5) = g(f(5) = g(5) = 11

Identity Function
An identity function I on A is a function from AA defined as I(x) = x, x A 

Inverse of a Function
X  F¶ KW-̄ nÂ \n¶v Y F¶ KWn-̄ n-te-¡pÅ Hcp function BWv 'f'. gof = Ix, fog -

Iy F¶ hyh-Ø-IÄ ]men-¡-̄ -¡-hn-[-̄ nÂ Y bnÂ \n¶v X bnte¡v Hcp function

I­p]n-Sn-¡m³ km[n-¡p-¶p-s­-¦nÂ g F¶ function s\ f F¶ function sâ inverse

F¶p-]-d-bp-¶p. ChnsS Ix F¶Xv XX te¡pÅ function BWv. IqSmsX Ix(x)=x, x X 
AXymbXv Ix F¶-Xv X se Hcp sFU³ânän ^Mvj³ BWv. AXp-t]mse Iy F¶Xv

yy bnte-¡pÅ ^Mvj³ IqSmsX I(y)=y,  yy f F¶ ^Mvj\v inverse Ds­¦nÂ f

2
3
4
5

3
4
5
9

7
11
15

A f B g C

gof

x

A B C A B

C

g

f

gof

f g

g(f(x)(f(x)

gof
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invertible BsW¶v ]d-bp-¶p. f sâ inverse s\ f-1 Fs¶-gpXn kqNn-̧ n-¡p-¶p.

Note: f F¶ ̂ Mvj³ invertible BsW-¦nÂ f - bijective Bbn-cn-¡pw. f F¶ ̂ Mvj³ bijective

(one - one and onto) BsW-¦nÂ f \v \nÀ_-Ô-ambpw inverse D­m-bn-cn-¡pw.

ie, f is invertible  f is bijective.

DZm-l-cWw

f : XY F¦nÂ f-1:YX Bbn-cn¡pw

S = {1, 2, 3} f F¶Xv S Â \n¶v S te¡pÅ Hcp ̂ Mvj³ BWv. Xmsg-sIm-Sp-̄ n-cn-¡p¶

^Mvj³kn\v inverse Dt­m F¶v ]cn-tim-[n-¡p-I. Ds­-¦nÂ f-1 ImWp-I.

a) f = {(1, 1), (2, 2), (3, 3)}
ChnsS f bijective function BWv. ImcWw f se hyXykvX AwK-§Ä¡v hyXykvX CtaPv

BWp-Å-Xv. IqSmsX S - se FÃm AwK-§Ä¡pw pre-image D­v. AXp-sIm­ f invert-

ible BWv.

f-1 = {(1,1), (2,2), (3,3)}

Note: ChnsS 'f' Hcp identity function BWv. Identity function sâ inverse AtX function Xs¶

Bbn-cn-¡pw.

b) f = {(1,2), (2,1), (3,1)}
ChnsS f(2) = 1 = f(3). AXp-sIm­v f one one function AÃ. f \v inverse CÃ.

c) f = {(1,3), (3,2), (2,1)}
ChnsS 'f' one-one and onto BWv. (F-́ p-sIm­v?) f \v inverse D­v.

f-1 = {(3,1), (2,3), (1,2)}

Review Questions

Xmsg-sIm-Sp-̄ n-cn-¡p¶ functions \v inverse Dt­m F¶v ]cn-tim-[n-¡p-I.

ImcWw Fgp-Xp-I.

1. f : {1, 2, 3, 4}   {10}
f : {(1,10), (2,10), (3,10), (4,10)}

S f S

1
2
3

1
2
3

f-1
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2. g : {5, 6, 7, 8}   {1, 2, 3, 4}
g = {(5, 4), (6, 3), (7, 4), (8, 2)}

3. h : {2, 3, 4, 5}   {7, 9, 11, 13}
h = {2, 7), (3, 9), (4, 11), (5, 13)}

Inverse of a Function
A function :f x y has inverse 'g' if :g y X and (gof) (x)=x, x X  and

( )( ) ,fog y y y y   . Then are write f-1=g.
'f ' is inversible  It is one one and onto...

Example :

1 Let  2Y n n N  . Consider :f N Y such that f(n)=n2, show that  f is inversible. Find
the inverse of 'f'.

Ans: Given  2Y n n N    and :f N Y

First we want to define a function from Y N

Get y Y . Then y=n2, n N , n y 

Define :g y N by ( ) ,g y y y y 

  2

2

( )( ) ( ( ) ( )gof n g f n g n

n n

 

 

Let, y Y

   

 
 2

( ) ( )fog y f g y

f y

y

y









 g is the inverse of f.
ie, f-1=g
State with reason whether the following function have inverse.

1)    : 1, 2,3, 4 1,0f with

 (1,10), (2,10), (3,10), (4,10)f 

2)    : 5,6,7,8 1,2,3,4g with

 (5, 4)(6,3), (7, 4), (8, 2)g 

3)    : 2,3, 4,5 7,9,11,13h with

 (2,7), (3,9), (4,1), (5,13)h 
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Answers

1) f  is not one-one because different elements, 1, 2, 3, 4 have same image 10

f has no inverse

2) The    : 5,6,7,8 1, 2,3,4g 

Hence 1 in the co-domain of g has no preimage,   g is not onto
Hence g has no inverse.

3) h is one-one and onto
  h has inverse

 1 (7, 2), (9,3), (1, 4), (13,5)h 

Miscellaneous Examples
1. Let A = NN and * be a binary operation on A defined by

(a, b) * (c, d)  = (a+c, b+d)

a) Show that * is commutative and Associative.

b) Find the identify element for * on A, if any.

Answer :

a) Given   A = NN

Any element in A is of the form (a, b), a, bN

We want to S.T. '*' is commutaitve

ie, x*y = y*x, ,x y A 

Let ,x y A  (Then ( , ), ( , )x a b y c d 

= * ( , )*( , )x y a b c d
= (a+c, b+d) by definition
= (c+a, d+b) ,  Since + is commutaitve on N.
= (c,d) + (a,b), by definition of *
= y* x
  * is commutative on A.
Now to Prove that * is associative.
Let , ,x y z A . Then

( , ), ( , )x a b y c d 
z = (u, v)
ie, to Show that ( * )* *( * )x y z x y z

* ( , )*( , )x y a b c d

( , )a c b d  

( * )* ( , )*( , )x y z a c b d u v  
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=  ( ) , ( )a c u b d v     by definition

=  ,a c u b d v     (since + is associative with N..............(1)

Now * ( , ) * ( , )y z c d u v

= ( , )c u d v 

*( * ) ( , )*( , )x y z a b c u d v  

 ( ), ( )a c n b d v    

 , ..........(2)a c n b d v    

From (1)  and (2) * is associative.
b) Let  e = (p,q) be the identity element in A.

Then *x e x
( , )*( , ) ( , )a b p q a b

 , ( , )a p b q a b  

a p a and b q b    

0 0p and q  

But (p,q) = (0,0) N N A X
  has no identify element for *.

2. Consider the binary operation *: RXR R  and 0: RXR R  defind by

* , ,a b a b and aob a a b    
a) Show that * is commutative
b) Is '*' associative. Justify your answer.
c) Show that  '0' is assocoative but not commutative.
d) Show that  a*(boc) = (a*b8) 0 (a*c), , ,a b c 

Solution
a) Let a, b 

a*b = a b
= b*a

  '*' is commutative
b) we have 1, 2, 3

1*2 1 2 1  

 1*2 *3 1*3

= 1 3 2 

2*3 2 3 1  

 1* 2*3 1*1
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= 1 1 0 

 1*2 *3 1*(2*3) 

*  is not associative.
c) To Show that 0 is associative

ie, to Show that (aob) oc=ao (boc)
If a, b, c 
Then aob = a
(aob) 0c = aoc
= a ...............(1)

we have (boc) = b
ao (boc) = aob
= a ..................(2)

Then (1) and (2) (aob)oc = ao(boc)
  '*' is associative.
To Show that '0' is not commutative.
We have 1, 2  . Then 102 = 1 by definition.

201 = 2
102 201 

0  is not commutative.

Binary Operation
GXv c­v F®Âkw-Jy-I-fpsS XpI Hcp F®Â kwJy Bbn-cn-¡pw.

AXm-bXv a+bN,  a, bN.

GXv c­v ]qÀ®-kw-Jy-I-fp-sSbpw KpW-̂ ew Hcp ]qÀ®-kwJy Bbn-cn-¡pw.

AXm-bXv abZ, for every a, b, Z ChnsS "+" F¶ Hm¸-td-js\ * F¶v amän Fgp-Xn-

bmÂ a*bN,  a,  bN ChnsS * F¶ Hm¸-td-js\ N F¶ KW-̄ nse binary opera-

tion F¶p-]-d-bp-¶p.

Definition
* F¶ operation A KW-̄ nse binary operation BI-W-sa-¦nÂ

* AA  \n¶v A bnte-¡pÅ Hcp ^Mvj³ Bbn-cn-¡-Ww.

DZm: KpW\w (multiplication) Z F¶ KW-̄ nse Hcp binary operation BWv.

abZ,  a, bZ

Subtraction N-se Hcp Binary operation AÃ. ImcWw a b  Hcp natural number Bbn-cn-

¡Ww F¶n-Ã.
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[if 22, 3,
3

aa b Z
b

    ]

Example
A = {-1, 0, 1} km[m-cW KpW\w A bnÂ binary operation BWv.

ChnsS composition table se FÃm AwK-§fpw

A F¶ KW-̄ nse AwK-§-fm-Wv.

Usual addition A bnse Binary operation AÃ.

ChnsS -1+-1 = -2 A

AXp-sIm­v '+' A bnse Hcp binary operation AÃ.

Commutative property
A F¶ KW-̄ nse * F¶ binary operation commutative BI-W-sa-¦nÂ a*b = b*a, a ,

b A  Bbn-cn-¡pw.

Usual addition "+" is commutative on Z ie, a+b = b+a, a , b Z

Example: Define an operation * on R defined by a*b = 
ab
4 , a, b R

a) Is  * a binary opration on R. Justify?
b) Prove that * is commutative.

Ans: a) a*b = 
ab
4  R,  a, b

  * is a Binary operation on R

b) a*b = 
ab
4 ,

= 
ba
4  (multiplication is commutative on R)

= b*a

a*b = b*a, ie, * is commutative.

x -1 0 1
-1 1 0 -1
0 0 0
1 -1 0 1

+ -1 0 1
-1 -2 -1 0
0 -1 0 1
1 0 1 2
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Example 2

Define an operation * on Z  as a*b = a+b - ab
1) Is * a Binary operation on Z
2) Prove that * is commutative.

Ans: 1) Given a*b = a+b - 2b Z,  a, bZ because sum of product of two integers is an integer
and hence their difference is again an integer.

2) a*b = a+b - ab
= b+a-ba (beause additional multiplication and commutative on Z )
= b*a

Associative Property
A F¶ KW-̄ nse "*' F¶ ss_\dn Hm¸-td-j³ A bnÂ associative BI-W-sa-¦nÂ

(a*b)*c = a*(b*c), for every element a, b, c in A Bbn-cn-¡-Ww.

Example: k¦-e\w (addition), KpW\w F¶o Hm¸-td-j³kv R F¶ KW-̄ nÂ associative

BWv.

Example: R F¶ KW-̄ nse Hcp ss_\dn Hm¸-td-j³ BWv Xmsg-sIm-Sp-̄ n-cn-¡p-¶-Xv.

 aba *b , a, b R
2

* associative BtWm F¶v ]cn-tim-[n-¡p-I.

Answer

 aba *b , a, b R
2

a, b, c R  (a*b)*c = a*(b*c) BtWm F¶v ]cn-tim-[n-¡mw.

(a*b)*c = d*c, (d=a*b R )

= 
dc
2  (\nÀh-N-\-{]-Im-cw)

= 
(a *b)c

2

= 
ab( )c
2
2

= 
 

 
ab c abc½ ........(1)

2 4
(ImcWw km[m-cW KpWnXw R Â Atkm-kn-tb-äohv BWv.)

a*(b*c) = a*d, d=b*c
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= 
ad
2

= 
a.(b *c)

2

= 
bca.( )
2

2

= 
a(bc) ½

2

= 
a(bc)

4

= 
abc .......................(2)

4

  1, 2 Ch-bnÂ \n¶v a*(b*c) = a*(b*c) Fs¶-gp-Xmw.

  Associative BWv.

2) R F¶ KW-̄ nse Hcp Hm¸-td-j\mWv Xmsg-sIm-Sp-̄ n-cn-¡p-¶-Xv.

a*b = a+2b, a,  Rb
1. '*' - ss_\dn Hm¸-td-j³ BtWm F¶v ]cn-tim-[n-¡p-I.

2. '*' Commutative BtWm F¶v ]cn-tim-[n-¡p-I.

(1*2)*3 Dw 1*(2*3) Ch ImWp-I.

Ans: Given a*b = a+2b

a, bR a, 2bR

 a+2bR

  a*bR

 * -Hcp binary operation BWv.

2. a*b = a+2b

b*a = b+2a

  * commutative AÃ.

3. \ap¡v ASp-̄ -Xmbn (a*b)*c = a*(b*c) F¶v ]cn-tim-[n-¡-Ww. a, b, c Ch R se AwK-

§-fm-sW-¶n-cn-¡-s«.

(a*b)*c = (d*c), d=a*b

= d+2c
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= (a*b)+2c

= a+2b+2c .....................(A)

a*(b*c) = a*p, p=b*c

= a+2p

= a+2(b*c)

= a+2(b+2c)

= a+2b+4c .......................(B)

(A), (B) F¶n-h-bnÂ (a*b)*c  a*(b*c) F¶v e`n-¡p-¶p.

4. (1*2)*3 = (d*3), d=1*2

= d+2.3

= d+6

= (1*2)+6

= 1+2*2+6

= 1+4+6

= 5+6 = 11

1*(2*3) = 1*p, = 2*3

= 1+2p

= 1+2(2*3) = 1+2(2+2*3)

= 1+4+12 = 17

Identity Element
GsXmcp F®Âkw-Jy-tbmSpw 1 (H¶v) F¶ F®ÂkwJysIm­v KpWn-̈ mÂ AsX

kwJy e`n-¡p-sa-¶-dn-bmw.

AXm-bXv a Hcp F®Âkw-Jy-bm-bmÂ a*1=1*a=a Fs¶-gp-Xmw. C§s\ e`n-¡p¶ '1's\

multiplicative identity F¶p-hn-fn-¡p-¶p. GsXmcp integers t\mSpw 0 Iq«n-bmÂ AsX integer

e`n-¡pw.

AXmbXv a+0 = 0+a=a, a Z   ChnsS '0' sb additional identity F¶p-hn-fn-¡p-¶p.

*, A F¶ KW-̄ nse Hcp ss_\dn Hm¸-td-j-\mWv. A F¶ KW-̄ nse Hcw-K-amWv 'e'.

e F¶ AwK-t¯mSv A bnse GsXmcp AwKhpw tNÀ¶v * F¶ operation \S-̄ n-bmÂ

AtX AwKw e`n-¡p-¶p-s­-¦nÂ e-sb Abnse identity element with respect to * F¶p-]-

d-bp-¶p.
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ie, a*e = a, a A   ie, a.e = a = e.a   a A

DZm-l-cWw

1. N  has no identity element with respect to addition because a+0=a, Na   but 0 N
2. R F¶ KW-̄ nse identity element ImWp-I.

R F¶ KW-̄ nse ss_\dn Hm¸-td-j³ Xmsg-sIm-Sp-̄ n-cn-¡p-¶p.

a*b = 
ab
4 , a, b R 

Solution
R F¶ KW-̄ nse identity element e BsW-¶n-cn-¡-s«.

a*e = 1, a R 

ie, 
ae a
4
 , by definition of  '*'

ae = 4a

e = 
4a ,a 0
a



= 4 R

a=0 BsW-¦nÂ 0*e = 
0.e 0
4



 4, R se identity element BWv.

Existence of inverse element
A F¶ KW-̄ nse Hcp ss_\dn Hmt¸-d-j-\mWv *, identity element e Dw BWv.

A bnse 'a' F¶ AwK-̄ n\v inverse Ds­¶v ]d-b-W-sa-¦nÂ a*b = b*a = e F¶

hn[-̄ nÂ A bnÂ b F¶ HcwKw D­m-bn-cn-¡-Ww. ChnsS b sb a bpsS inverse F¶v

hnfn-¡p-¶p. CXns\ a-1 Fs¶-gpXn kqNn-̧ n-¡p-¶p. AXm-bXv b=a-1

Example 1
R F¶ KW-̄ nse identity element BWv '1'. ChnsS binary operation km[m-cW KpW\w

BWv. ChnsS 2sâ inverse ½ BWv. ImcWw 2*½=1=½*2. ]qPy-̄ n\v inverse CÃ.

Example 2
R F¶ KW-̄ nse Hcp ss_\dn Hm¸-td-j³ BWv Xmsg-sIm-Sp-̄ n-«p-Å-Xv.

a*b = 
ab
3 , a,  b R

1. Identity element ImWp-I.
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2. 2 F¶ AwK-̄ nsâ inverse ImWp-I.

Answer :
1. R se identity element 'e' BsW¶v hnNm-cn-¡p-I.

Then axe = a, a R 
ae a
3
  (by definition of x)

ae = 3a
e = 3, a 0

When a=0, o.e = 0.3 = 0
3, R--- se identity element BWv.

2. 2 sâ inverse BWv b F¶n-cn-¡-s«. At¸mÄ,

2*b = e

2*b = 3

2b 3
3

  (by detention)

2b = 9

9b R
2

 
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Unit Test
Max Score : 20Time : 45 mts

1)        : 1,3, 4 1, 2,5 1, 2,5 1,3f and g   be given by

   (1,2), (3,5),(4,1) (1,3), (2,3), (5,1)f and g  . Find (gof) (3).

2) Let :f R R  defined as ( ) 3f x x . Choose the correct answer..
1) f  is one-one  2) f is many one - onto
3) f is one-one not onto 4) f is neither one-one nor onto.

3) :f R R be given by  
1

3 3( ) 3f x x   then ( )( )fof x __  1 3 35 , , , 3x x x x

4) :f R R  byf f(x) = 2x then 1( ) ..................f x 

5) Let :f R R  with  ( ) ,fof x x x R   . What is the inverse of  'f'. (1 mark each)

6) Let '*' be a binary operation on R defind as *
4

aba b  .

a) Prove that '*' is commutative and associative. (3)
b) Find the identity element in R with respect to '*' (1)
c) Find the inverse of 6 in R with respect to '*' (1)

7) Give an example for not an equivalence relations which is symmetric and reflexive on

 1,2,3, 4A . (1)

8) Consider the function  : 1,1f    , given by ( )
2

xf x
x




a) Show that f  is one-one (2)

b) Does 1 have preimage in  1,1 . Justify your answer.. (2)
c) Is 'f' onto? (1)

9) Let :f N Y  be a function defined as ( ) 4 3,f x x   where

 : 4 3,Y Y N y x x N     .
a) Write one element in Y. (1)
b) Show that f is inversible (2)
c) Find the inverse of 'f' (1)

Solution

1)  (3) ( )gof g f b

(5)g (3) 5f 

1
2) f is one-one

For, if 1 2( ) ( )f x f x

1 23 3x x 
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1 2x x 
f is onto
For, if y R  with ( )f x y

3

3

x y
yx

 

  

ie, for any y R we can find x R  with ( )f x y

3) Given 13 3( ) (3 )f x x 

   ( ) ( )fof x f f x

 13 3(3 )f x 

 
1

3 31
3 33 3 x

             

=  
1

333 3 x      = 
1

3 33 3 x    

=  1
33x x

Replace

x  by  
1

3 33 x

 
31

3 33 x    
= 33 x

Answers

4) 1( )
2
xf x 

5) f

6) Given * , , ,
4

aba b a b 

a) * is commutative

For, *
4

aba b 

4
ba  (  usual multiplication is commutative)

= b*a (by definition of *)
* is associative

For, (a*b)*c = p*c where p = a*b

= 4
pc

, by definition

=  
 *

4
a b c

 = 
 

4
ab c

 =
 

4
4

ab c
= 

1 ..........(1)
4 4 16

abc abcx
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= *( * ) *a b c a q ,  q=b*c

= 4
aq

 by definition

=
( * )

4
4

b ca
=

( ) 1
4 4

a bc x

.....(2)
16
abc

From (1) and (2) * is association.

b) Let e be the identity element in w.r.t *
The we've a*e = a, a 

4
ae a , by definition

ae = 4a
dividing through by a,          e=4, if 0a 
When a=0, 0.4= 0
Hence 4 is the identity element in  .

c) Let 'b' is the inverse of 6.
Then b*6=4
(If 'b' is the inverse of a then we have a*b = b*a = e)

6 4
4

b


x

6 16b 
16 8
6 3

b   

8
3  is the inverse of 6.

7) ...................

8) Given f(x) =  , 1,1
2

x x
x

 


f is one-one

a) For 
1 2

1 2
1 2

( ) ( )
2 2

x xf x f x
x x

  
 

1 2 2 1( 2) ( 2)x x x x   

1 2 1 2 22 1 2x x x x x x   
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1 22 2x x 

1 2x x 
b) Let 1 has preimage [-1,1]
Then [ 1,1]x    with f(x) = 1

ie, 1
2

x
x




2 2x x x x    
0 2   which is a absurd. Therefore 1 has no preimage in  .

c) f is not onto, because 1 has no preimage in [-1,1]

9) a) Any element in y is of the form
4 3,y x x N  

we have 1 4 3 7N Y   

7 Y
b) Given :f N Y

For finding f, first our aim is to define a function :g Y N
Take y Y . Then 4 3,y x x N  

4 3x y 
3

4
yx N 

Define 
3( )

4
yg y 

clearly :g Y N
Claim : ( )( ) ,gof x x x N    and ( )( ) ,fog g y g y  

Let x N
 ( )( ) ( ) (4 3)gof x g f x g x    by definition of f.

= 4 3 3 4
4

x x x
x

   

Let y Y
 ( )( ) ( )f fog y f g y

3
4

y         
34 3

4
y     

= y-3+3
= y
( )( ) ,fog y y y y   

Now :g Y N  such that  ( )( ) ,fog y y y Y    and ( )( ) ,gof x x Y y  
Hence g is the inverse of f.

c) The inverse of f is g
ie, f-1=g
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2.  INVERSE  TRIGNOMETRIC  FUNCTION

Important Results

1.

Function

Sine

Cosine

Tangent

Cotangent

Secant

Cosecant

Domain Range

R

R

R

R

 R (2n 1) 2n Z   

R {x : x n } 

{x : x (2n 1) }2
 R

{x : x n R

R  (-1, 1)

R  (-1, 1)

(-1, 1)

(-1, 1)

Function

Y=Sin-1x

Y=Cos-1x

Y=Cosec-1x

Y=Sec-1x

Y=tan-1x

Y=Cot-1x

Domain Range

[-1, 1]

[0,]

2.

[-1, 1]

12

R { 1,1}

R { 1,1}

R

,
2 2
  
  

[ , ] {0}2 2
  

[0, ] { }2
 

(0, )

,
2 2
p p     
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Values of Trignometric Functions in Particular angles

Important Trignometric Identities

1. 2 2Sin Cos 1   

2. 2 21 Cos Sin   

3. 2 21 Sin Cos   

4. 2 21 tan Sec   

5. 2 21 Cot Co sec   

6. Sin2 2Sin Cos   

7. 21 Cos2 2Cos   

8. 21 Cos2 2Sin   

9.  21 Cos 2Cos 2
  

10.  21 Cos Sin 2
  

AnglesTrignometric

function

Sine

Cosine

Tan

Cosec

Sec

Cot

0

0

1

0

not
defined

1

not
defined

6
 4


3


2

  3 2
 2

1
2

1
2 3

2 1 0 -1 0

3
2

1
2

1
2

0 -1 0 1

1
3

1 3
not

defined 0 not
defined 0

2 2 2
3

1 not
defined

-1 not
defined

2
3 3 2 not

defined
-1 not

defined
1

3 1 1
3

0
not

defined 0 not
defined
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11.   TanA TanBTan A B
1 Tan A.TanB


 



12.
TanA TanBTan(A B)

1 TanA.TanB


 


13. 2

2 tanSin 2
1 tan


 

 

14.
2

2
1 tanCos2
1 tan
  
 

15. 2

2 tanTan 2
1 tan


 

 

16.  Sin Cos2
   

17.  2Cos Sin    

18.  2Tan Cot    

19.  Sec Co sec2
   

20.  Co sec Sec2
   

Sine sâ co-ratio Cosine, Tan sâ co-ratio cot Dw, Secsâ co-ratio cosec Dw BWv. ASTC D]-

tbm-Kn¨v functional sign Xocp-am-\n-¡p-Ibpw sN¿mw.

DZm: Sin  3 Cos2
    ImcWw Sine sâ co-ratio Cosine Dw  3 2

   c­m-as¯

quadratÂ Bb-XvsIm­v -ve Dw BWv.

2


3 2



2

Co-ratio Same ratio

ASTC

Angle Angle
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For suitable value of  Domain

 Y=Sin-1x x = Siny

 Sin (Sin-1x) = x,  1,1x 

 Sin-1(Sinx) = x, ,2 2x     

 Sin-1(1/x) = Cosec-1x, 1 1x or x  

 Cos-1(1/x) = Sec-1x, 1 1x or x  

 Cos-1(1/x) = Sec-1x, 1x 

 Tan-1(1/x) = Cot-1x, x>0

 Cos-1(-x) = - Cos-1(x),  1,1x 

 Cot-1(-x) = - Cot-1(x), x

 Sec-1(-x) = - Sec-1(x), 1x 

 Sin-1(-x) = -Sin-1(x),  1,1x 

 Tan-1(-x) = -Tan-1(x), x

 Cosec-1(-x) = -Cosec-1(x), 1x 

 Sin-1x+Cos-1x = /2,  1,1x  

 Tan-1x+Cot-1x = /2, x

 Sec-1x+Cosec-1x = /2, 1x 

 Tan-1x + Tan-1y =
1 x yT an

1 xy
  
  

, xy <1


1 1 1 x y

Tan x Tan y Tan
1 xy

    
    

, xy>-1

 2tan-1x = Sin-1 
  2

2x
1 x , 1x 

 2tan-1x = Cos-1

2

2

1
1

x
x

 
  

, 0x 


1 1

2

22 tan tan , 1 1
1

xx x
x

        
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1. Find the principal value of 
1 1Cot

3
  
 
 

Let 
1 1y Cot

3
    
 

1Coty Cot
33
     

 

y 3
 

 Sin-1(2 21 x )=2Sin-1x, 1/ 2 x1/ 2

 Sin-1(2 21 x )=2Cos-1x, 1/ 2 x1

Complete the Table

Ley  y=Sin-1( 1
2

), then Siny= 1
2

Principal value branch of Sin-1x is [ 2


 , 2


]. Therefore  = 6

[ 2


 , 2


] satisfies the condition

Sin 6


= 1
2 .   Therefore 6


 is the principal value.

Let y = Cos-1(- 1
2 ). Then Cos y = - 1

2  principal branch of Cos-1 is [0,   ]

Cos y = - 1
2

 shows that angle in the second quadrent.

  Principal Value is  - 3


=2 3


Y
S

X1 X

S A

T C

Y1

Function Principal Value

Sin-1( 1
2 ) 6



Cos-1(- 1
2

)
2
3


Tan-1(-1) 4




Sin-1(- 1
2

) - 6


Cos-1(
1
2

 )
3
4


Tan-1(- 3 )
2
3

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2. Find the principal value of 
1 1C ot

3
  
 
 

Solution

Let 
1 1y Cot

3
    
 

Then Cot 
1y .................(1)
3




we've cot   1
3 3

 

Also we've Cot   1Cot3 3 3
    

i.e., Cot 
3 1

33
    

 

i.e., 
2 1Cot
3 3
   

 

From (1) Cot y = 
1 2Cot

33
    

 

 2y 0,
3


  

Problems

1. Find the principal value of 
1 3Cos

2
  
 
 

2. Find the principal value of   1tan 3 

3. Find the principal value of  1 1Cos
2

 

Problems
1. Write principal value of Cos-1 function

2. Evaluate Tan-1(-1) + Cos-1 11 1Sin
2 2

       
   
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Answers

a.  0,

b. We've Tan-1(-1) = -Tan-11

= 4


 
1 11 1Cos Cos

2 2
        
   

   1 1( ) ( )Sin Cos x Cos x   

3


 

2
3




1 11 1Sin Sin
2 2

       
   

     1 1( ) ( )Sin x Sin x    

6




1 1 1Tan ( 1) Cos ( ½) Sin ( ½)       

2
4 3 6
  

  

3 8 2
12 12 12
   

  

8 5
12 12


 

3
4




3. Find the principal value of 
1 1Sin

2
  
 
 

Let 
1 1 1y Sin Sin y Sin

42 2
      
 

y ,
4 2 2
      

 

ie, 
1 1Sin

42
    
 
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Problem

1. Show that  1 1 12 3tan ½ tan tan
11 4

         
   

Ans: We've 
1 1 1 x y

Tan x Tan (y) Tan
1 xy

    
    

L.H.S =  1 1 2Tan ½ tan
11

     
 

1

1 2
2 11tan 1 21 x

2 11



  
  

 
 

= 
1

15
22tan 22 2

22 22



 
 
 
 
 

1

15
22tan 20
22



 
 

  
 
 

1 15 22tan
22 20

    
 

1 15tan
20

    
 

1 3tan R.H.S
4

    
 

2. Express 
1 Cosx 3tan , x

1 Sinx 2 2
       

 in the simplest form.

Ans: We've tan-1(tan ) = 

Hence write 
Cosx

1 Sinx
 in tan function.

Cosx
1 Sinx

 = 
 
 

Sin x2
1 Cos x2

 

  ,
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we've  Sin x Cosx2
  

 Cos x Sinx2
  

 
2

x x
2 22Sin Cos

2 2

x
22Sin

2

        
   
   
   

  
 
 
 

        
22 1 2 ( )

2 2 2
Sin Sin Cos and Cos Sin

   
     

 

= 2

4 2 4 2

4 2

x xSin Cos

xSin

        
   

  
 

x xSin Cos
4 2 4 2

x xSin .Sin
4 2 4 2

        
   
        

   

xCos
4 2

xSin
4 2

  
 
  

 

xCot
4 2
   

 

= 
xTan

2 4 2
        

Tan Cot
2
         

xTan
2 4 2
     

 

xTan
4 2
   

 
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1 1Cosx xTan Tan Tan
1 Sinx 4 2

                

x
4 2


 

Example 3

Write 
1

2

1Cot , x 1
x 1

  
 

 
, in the simplest form.

Solution

we've  1Cot Cot   

write 2

1
x 1  in the cot function.

2 2

1 1
x 1 Sec 1


 

Put x = Sec

  = Sec-1x

= 2

1 ,
tan 

we've 2 2Sec 1 tan   

1
tan




cot 

1 1

2

1 1Cot Cot
tanx 1

           

 1Cot Cot 

   , 1Sec x

Example 4

Show that 
1 1 13 8 84Sin Sin Cos

5 17 85
             
     
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Solution

Let 
1 13 8x Sin , y Sin

5 17
        
   

Then 
3Sin x
5

  and 
8Sin y

17


AB2+BC2 = AC2

AB2 = AC2 - BC2

= 52 - 32

= 25-9
= 16

AB = 16  = 4


ad jacent side

Cosx
hypotenuse

= 
4
5

Also Sin y = 
8

17

PQ2 = 172 - 82

= 289 - 64

= 225

PQ = 15

  
15Cosy
17

 

we've Cos(x-y) = Cosx Cosy+ Sinx Siny

4 15 3 8x
5 17 5 17

 

60 24
85 85

 

84
85



1 84x y Cos
85

      
 

ie,  1 1 18 843Sin Sin Cos5 17 85
         

   

A

4

B 3 C

5x

P

15

Q 8 R

17y
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5. Show that  
1 1 112 4 63Sin Cos tan

13 5 16
               
     

Let 
1 1 112 4 63; ; tan

13 5 16
Sin x y Cos z              

     

Then 
12 4 63Sinx ;Cosy , tan z
13 5 16

  

we've Tan(x+y) = 
tan x tan y

1 tan x tan y


 

12Sinx
13



Oppositeside
Tanx

Adjacentside
 

= 
12
5

2 2AB 13 12 

169 144 

25

5
4Cos y
5



3Tan y
4



Here Tan (x+y) = 
Tanx tan y

1 tan x.tan y




12 3 48 15
5 4 20 20

12 3 20 361 .
5 4 20 20

 
 

 

63 20 16x
20 16 16


 


Tan(x y) tan z   

Tan(x y) tan( z)orTan(x y) tan( z)      

x y z      or  x y z   

Since x and y are positive
x y z  

x y z  
i.e, x y z   
Hence the result.

A

5

B 12 C

13y

P

3

Q 4 R

5

y
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Evaluate the following :

 Cos-1(Cos
13

6


)  Tan-1(Tan
7
6


)

 Tan-1 3  - Cot-1(- 3 )  Sin -1(Sin 2
3
 )

 Tan-1[2Cos (2Sin-1 1
2 ]

Prove the following :

 Tan-1(
2
11 )+Tan-1(

7
24 )= Tanan-1(

1
2 )

 2Tan-1(
1
2 ) - Tan-1(

1
7 ) = Tanan-1(

1
2 )

 2Tan-1(
1
2 ) - Tan-1(

1
7 ) = Tanan-1(

31
17 )

 2Sin-1(
3
5 ) = Tan-1(

24
7 )

 Sin-1(
8

17 ) + Sin-1(
3
5 ) = Tanan-1(

77
36 )

 If 4Cos-1x + Sin-1x =  ,  find the value of x.

 Find the principal value of Sin-1[Cos(Sin-1 3
2

)]

 Find the value of   Tan[Cos-1(
4
5 ) + Sin-1(

2
13 )

{Hint : Sin-1x = Tan-1( 2

x
1 x ),       Cos-1x = Tan-1(

21 bx
x


)

 If  Tan-1(x+1) + Tan-1(x-1) =  Tan-1(
8
31 ).  Find the value of  x,

 Prove that Cos-1(
12
13 ) + Sin-1(

3
5 ) = Sin-1(

36
65 )

 Show that Tan-1(
1
8 ) + Tan-1(

1
7 )+Tanan-1(

2
3 )+Tan-1(

1
8 ) = 4



 Prove that Sin-1x = Tan-1( 2

x
1 x ) and Tan-1x - Cot-1(

1
x )

 Hence find the value of  Tan {Sin-1(
3
5 ) + Cot-1(

2
3 )}

 If Tan-1(
x 1
x 2



) + Tan-1(
x 1
x 2



) = 4


.   Find then value of  x.
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Miscellaneous Examples

1) Prove that  1 11 1tan , , 0,1
2 1

xx Cos x
x

       

we have 
2

2

1 tan 2
1 tan

Cos xq
q

 
 take 2tanx q , then  tan xq 

R.H.S = 
11 1

2 1
xCos
x

      
1tan xq 

2
1

2

1 1 tan
2 1 tan

Cos q
q


        

 11 2
2

Cos Cos q

1 2
2

x q   = q

= 1tan x

= L.H.S

2) Show that  1 1 3 113 3 4 , ,Sin x Sin x x x 







 
   
  

we have 33 3 4Sin x Sinx Sin x 

R.H.S =  1 33 4Sin x x 

 1 3Sin Sin q

3q
= 13Sin x

= L.H.S

3) If 
1 11 1tan tan 42 2

x x
x x

p                  then find the value of x .

We have 
1 1 1tan tan tan

1
x yx y

xy
           

= 
1 11 1tan tan

2 2
x x
x x

               

   
1

1 1
2 2tan

1 1
1

2 2

x x
x x

x x
x x



                  
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     
  

  
 

  
  

1

2 1 1 2
2 2

tan
2 2 1 1
2 ( 2) 2 2

x x x x
x x

x x x x
x x x x



                           

 
2 2

1
2 2

2 2tan
4 1

x x x x
x x


            

2
1

2 2

2 4tan
4 1
x

x x

       

2
1 2 4tan

3
x

     

Given 
1 11 1tan tan 42 2

x x
x x

p                

ie, 
2

1 2 4tan 43
x p

        

22 4 tan 43
x p 


22 4 1
3

x  

22 4 3x  
2

2

2 1
1

2

x

x



 ,    
1
2

x 

3) If  1 11 15Sin Sin Cos x    then find the value of x .

Given  1 11 15Sin Sin Cos x  

 1 1 11 (1)5Sin Cos x Sin   

2
p

But we have 1 1

2Sin x Cos x p  

Comparing 1
5x 
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Chapter 2

UNIT TEST Time : 45mts

1) Find the principal value of  1 1
2Sin 

2)  1 1 2tan 3 ( 2) ........... , , ,3 3 3Sec p p pp    

3)  1t a nS i n x  is equal to ........

2 2 2 2

1 1, , ,
1 1 1 1

x x
x x x x

        

4) 1 1( ) ..............,Sin x Cos x    if  1,1x 

5) Find 
1 7tan tan

6
p      (1 score each)

6) Find the value of    1 1 11 1tan (1) 2 2Cos Sin      (2)

7) a) Show that 2 11(1 2 ) 2Cos x Sin x   (2)

b) Solve  1 11 2 2Sin x Sin x p    (3)

c) Write in the simplest form 
2

1 1 1tan , 0x x
x


        

(3)

8) a) Show that   1 1 15 633 tan513 16
Sin Cos                (3)

b) Evaluate   1 5 3Cos Cos p (1)

c) Prove that   1 12 7 1tan 1 tan tan 211 24
               

(2)

Answers

1) We have   1
6 2Sin p 

   1 11 1
2 2Sin Sin  

6
p

2) tan   33
p    1

3 2Cos p 

 1tan 3 3
p    23Sec p 

Marks : 20
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1 1( 2) (2)Sec Secp   

= 3
pp

2
3

p

1 1tan 3 ( 2)Sec
   

 32
3 3 3

pp p p   

3) 1(tan )Sin x

Let 1tan tanx y x y                  21
xSin y

x




Then  1tanSin x Sin y 

21
x

x




4) 2
p

5)   1 7 7tan tan 6 6
p p 

    1 1tan tan tan tan6 6
p pp   

    ,6 2 2
p p p 

6) We have 1tan (1) 4
p 

   1 11 1
2 2Cos Cosp   

= 3
pp

= 
2
3
p

   1
1 1 1

2 2Sin Sin


  

6
p

   1 1 11 1tan (1) 2 2Cos Sin     

2
4 3 6
p p p        

3 8
12 16 12
p p p  

10 5
12 6

p p 
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7. Prove that  1 2 11 2 2Cos x Sin x  

a) We have  21 2 2Cos x Sin x 
 22 1 2C o s x S in x  

L.H.S =  1 2(1 2 )Cos x      Take x Sinq

=  1 21 2Cos Sin q      1Sin xq  

=  1 2Cos Cos q

= 2q
= 12.Sin x R.H.S

b) Given 1 1(1 ) 2 2Sin x Sin x p   

 1 11 22Sin x Sin xp            Sin   2
p q

 11 22x Sin Sin xp            = Cosq

 12Cos Sin x

=   1 21 2Cos Cos x 

21 2x 
22 0x x 

(2 1) 0
0 2 1

x x
x or x

  
  

10 2x or x  

When 1
2x 

L.H.S =    1 11 11 22 2Sin Sin  

   1 11 122 2Sin Sin  

=  1 1
2Sin

= 6 2
p p 

1
2x   is not possible

hence 0x
c) Take 1tan tanx xq q   

2 2
1 11 1 1 tan 1tan

tan
xTan
x

q
q

 
                   
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 = 
2

1 1tan
tan

Sec 



 
  
 

    = 
1 1tan

tan
Sec


  
  
 

= 
1

1 1
tan Cos

Sin
Cos








  
 
 
 

     
1

1

tan

Cos
Cos

Sin
Cos









 
 

  
 
 

1 1tan Cos
Sin




    
 

 
 

   

2

1
2 2tan

2 2 2

Sin

Sin Cos



 


 
   
 
 

 
 

1 2tan
2

Sin

Cos





 
 
  
 

   1tan tan 2


2
  = 

1tan
2

x



8) a) Let  1 5
13Sin x   and  1 3

5Cos y 

Then 5 3
13 5

Sin x Cos y 

We want to Show that 
1 1 15 3 63tan

13 5 16
Sin Cos             

     

ie, to Show that 
1 63tan

16
x y      

 

ie, to Show that   63tan
16

x y 

Now   tan tantan
1 tan . tan

x yx y
x y


 


5 4
12 3tan( ) 5 41 .

12 3

x y


 


      

5 16
12 12
36 20
36 36






21
12
16
36



x

13
5

12

5
13

Sinx 

5tan
12

x 

5
4

3

5
13

Sinx 

y

4tan
3

y 
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21 36
12 16

 x

63
16



Here the result.

b)  1 5 5 0,
3 3

Cos Cos        
 

    1 12 3 3Cos Cos Cos Cos   

 0,3
                      2Cos Cos   

c) We have 
1 1 1tan tan tan

1
x yx y

xy
    

    

 1 1 1

2 7
7 11 242tan tan tan11 2 724 1

11 24

  

        
   

 
x

= 
1

2 24 7 11
264tan 264 14

264 264



 
 
 
 
 

x x

 = 
1 48 77tan

250
    
 

 
1 125tan

250
    
 

       1 1tan 2


***
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3.  MATRICES

Definition
A matrix is a rectangular array of numbers or functions. These numbers or functions are called

elements of the matrix.

Consider following matrices,

2 3
1 2
 

  
 

A
1
2
 

  
 

B
1 1 0
2 1 3

 
  

C

5 ½
4 2
0 3

 
  
  

D

0 3 3
4 5 6
7 1 2

  
   
  

E       

2 0 0
4 5 3
6 1 2

 
   
  

F     

1 0 0
0 1 0
0 0 1

 
   
  

G
2 0 0
0 2 0
0 0 2

 
   
  

H

Order of a matrix:
A matrice having m rows and n columns is called a matrix of order mxn. In the above example.
Order of the matrice A = 2x2
Order of the matrice B = 2x1
Order of the matrice C = 2x3

Qn. Write the order of other matrices.

General form of a matrix

1 1 1 2 1 3 1

2 1 2 2 2

1 2

. .. . .. . .. . ..
, . .. .. . .. . .. . ..

.. . .. . .. . .. . .. . .. . .. . .. . .. ..

.. . .. . .. . .. . .. . .. . .. . .. . .. ..
.. . .. . .. .. . ..

 
 
 
 
 
 
 
 

n

n

m m m n

a a a a
a a a

A

a a a

Which is also represented by (aij)mxn

Where aij is the jth element of ith  row.

Qn: Construct a 3x2 matrice whose elements are given by aij = 2
i j

Ans: General form of a 3x2 matrice is 

11 12

21 22

31 32

 
 
 
  

a a
a a
a a

here a11=
1 1 1

22



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12
3

2a     21
3

2a       22 2a      3 1 2a            32
5

2a

hence the required matrix is 

31
2 2

3 22
52 2

 
 
 
 
 
 

Qn: Construct a 23 matrice (aij) where aij = i j

Qn: Construct a 3 3 matrice (aij) where aij = 
2

( 2 )
2

i j

Types of matrices
Column matrix - Matrix having one column

Eg:- 
1
2

A  
  
 

3
0
4

B
 
   
  

Row matrix - Matrix having one row.
Eg:-   5 2C    3 2 5  D

Square matrix - No.of rows is equal to no.of columns.

Eg:- 
3 4
1 2
 

  
 

E          

1 2 3
4 5 6
3 0 4

 
    
  

F

Diagonal matrix - A square matrix in which non diagonal elements are zero.

Eg:- 
1 0 0
0 2 0
0 0 3

 
  
  

G   
2 0
0 4
 

  
 

H

Scalar matrix - A diagonal matrix is said to be scalar matrix if its diagonal elements are equal.

Eg:- 
3 0 0
0 3 0
0 0 3

 
  
  

J     
2 0
0 2
 

  
K

Identity matrix - In a square matrix all its diagonal elements are 1 and all its non diagonal elements are

zeros then it is an identity matrix which is usually denoted by I.

 1 1I     2

1 0
0 1
 

  
 

I    3

1 0 0
0 1 0
0 0 1

 
  
  

I

Zero matrice - matrix with all its elements are zero.

0 0
0 0
 

  
 

L    
0 0 0
0 0 0
 

 
 

M
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Equality of Matrices
Two matrices are said to be equal if they are of same order and corresponding elements are

equal.

Qn:
2 3 2 3

4 5
   

   
   x y  Then find x & y

Ans: x=4 and y=5

Qn: Find the value of a, b, c & d from the equation

2
a b

a b


 
  

2
3

a c
c d
 

 
=  

1 5
0 13
 
 
 

Ans: Equate the corresponding elements and find the values.

Addition of matrices: If A = (aij)  B=(bij)   then A+B = (aij+bij)

Qn: Let       

3
4
5

P

 


  

2
3
6

 
 
 

     

3 1
4 5
2 1

 
   
  

Q   Then find P+Q

Ans:

3 3
4 4
5 2

P Q


  
 

  

2 1
3 5
6 1

  
  
  

 

0
8
3


 


  

1
8
5

 
 
 

Multiplication of a matrix by a scalar:
If A= (aij) mxn is a matrix and k is a scalar then KA = (kaij)

Qn: A= 
   

      

1 2 3 3 1 3
2 3 1 1 0 2

andB  and then find 2A-B

Ans:
 

  
 

2 4 6
2

4 6 2
A   

 
  

3 1 3
1 0 2

B

Then 2A-B =
      

        

2 3 4 1 6 1 1 5 3
4 1 6 0 2 2 5 6 0

Qn: Find X and Y if

X+Y = 
7
2




 
0
5




   X-Y 
3
0




 
0
3




Ans: X+Y = 
7
2




 
0
5




 - (1)

X-Y = 
3
0




 
0
3




 - (2)
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(1)+(2)  2X = 
10
2




 
0
8




   X = 
5
1




 
0
4




(1)-(2)  2Y  = 
4
2




  
0
2




 Y = 
2
1




 
0
1




Multiplication of Matrices
The product of two matrices A&B defined if the number of columns of A is equal to no.of rows

of B.

If A=(aij) mxp & B = (bij)pxn Then

AB = (Cij)mxn Where Cij = 
1


p

j
 aij bjk

ie, ijth element of AB is product of ith row of A & jth column of B.

Qn: Find AB Where 
2
4
6

A

 


 
3
5
7






  and B = 
1 2
2 3

 
 
 

Ans:
2 6 6 12 10 18
4 10 12 20 20 30
6 14 18 28 30 42

   
     
    

AB  
8 18 28

14 32 50
20 46 72

 
   
  

Qn: Find PQ where 

1 2 3
5 0 2
1 1 1

 
  
  

P   

3 1 2
4 2 5
2 0 3

 
   
  

Q

3 8 6 1 4 0 2 10 9
15 0 4 5 0 0 10 0 6
3 4 2 1 2 0 2 5 3





      
        
       

PQ

5 3 3
19 5 16
1 3 0

 
   
  

Qn: Complete the indicated product.

1)
 
  

a b
b a     

 
 
 

a b
b a
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2)

1
2
3

 
 
 
  

   2 3 4

3)
1 2
2 3

 
 
 

   
1 2 3
2 3 1
 
 
 

4)

2 3 4
3 4 5
4 5 6

 
 
 
  

  

1 3 5
0 2 4
3 0 5

 
 
 
  

5)
3 1 3
1 0 2
 

  
   

2
1
3






   

3
0
1

 




Qn: If F(x) =    

0
0

0 0 1

 
 
 
  

Cosx Sinx
Sinx Cosx  Show that F(x), F(g) = F(x+y)

Ans: = ( )F x =

0
0

0 0 1

 
 
 
  

Cosx Sinx
Sinx Cosx   ( )F y = 

0
0

0 0 1

 
 
 
  

Cosy Siny
Siny Cosy

0
( ). ( ) 0

0 0 1

   
     
  

CosxCosy SinxSiny CosxSiny SinxCosy
F x F y SinxCosy CosxSiny SinxSiny CosxCosy

( ) ( ) 0
( ) ( ) 0
0 0 1

Cos x y Sin x y
Sin x y Cos x y

   
    
  

= F(x+y)

Qn:
3
4

A 
 


  
2
2
 
 

 and  
1
0

I 
 


  
0
1




 Find k so that AA2 = kA - 2I

Ans: A2 = A A = 
3
4




 
2
2
 
 

  
3
4




 
2
2
 
 

 =  
9 8
12 8


 
  

6 4
8 4
  

  
 = 

1
4




 
2
4
 
 

KA - 2I = 
3
4

k
k





 
2
2

k
k

 
 

 - 
2
0




 
0
2




 =  
3 2 4

4 2 2
 

   

k k
k k
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A2 = kA - 2I 
3 2
4

k
k





  
2
2 2

K
k

 
  

= 
1
4




 
2
4
 
 

3k-2 = 1  3k = 3   k=1

Transpose of a Matrix

If A=(aij), then the matrix obtained by interchanging rows and columns of the given matrix A is

called  transpose of A denoted by AT=(aij).

Properties: (AT)T = A

(A+B)T = AT +BT

(KA)T = KAT

(AB)T = BT AT

Qn: If A=  
 
 

3 4 5
6 7 8  Find AAT

AT = 
3
4
5






  
6
7
8






Symmetric and Skew symmetric matrices.

A matris is said to be symmetric if AT=A and is said to be skew symmetric if AT=-A

Eg:- 
1
2

A 
 


 
2
3



 is symmetric

B= 
1 3 4
3 5 6
4 6 7

  
  
  

 is symmetric
0

1
C


 

  
1
2



 is skew symmetric

0 1 2
1 0 4
2 4 0

 
   
   

D  is skew symmetric

Result: For any square matrix A, A+AT is symmetric and A-AT is skew symmetric.

Proof: (A+AT)T = AT+(AT)T = AT+A = A+AT

  A+AT is symmetric

(A-AT)T = AT-(AT)T = AT-A = -(A-AT)

A-AT is skew symmetric

Diagonal elements of a skew symmetric matrices are all zero.

A skew symmetric matrix is not a diagonal matrix.
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UNIT TEST

1) Is 
12 2 3
34 4 8

A  
  
 

 and 
1 0
0 1

B  
  
 

 then AB = ...................... (1)

2)

0 1 5
1 1 6
5 6 0

A x
 
     
  

 is a skew symmetric matrix, then the value of x  = ................ (1)

3)
1 2 3
6 7 8

A  
  
 

,    

2
3
4

B
 
   
  

 then order of AB = ......................... (1)

4) If 
Cos Sin

A
Sin Cos

 
 

 
  
 

 and A+AT = I, then the value   =..................... (1)

5) If A, B are symmetric matrices of same order, then AB - BA is ......................
(A - Skew symmetric matrix,   B - Symmetric matrix,  C - Zero Matrix,   D-Identity matrix (1)

6) Consider 2x2 matrix A=[aij] where 2 3ija i j 

a) Write A (2)
b) Find A+A1 (1)

7) Consider 

3 3 1
2 2 1
4 5 2

A
 

    
   

a) Using the Matrix A, form Symmetric and Skew Symmetric Matrices. (2)
b) Express A as sum of symmetric  and skew symmetric matrices (2)

8) a) If A is a square matrix, such that A2=A then (I+A)3-7A is equal to ................ (1)

b) Let 
3 1

1 2
A  
   

(i)  Find A2 and 5A (2)
(ii)  Show that  A2-5A+7I=0 (1)

9) Find the inverse of the matrix 
1 2

2 1
A  
    

, using elementory row operation.

10) For the matrices A and B verify that (AB)1 = B1.A1. Where

1
4

3
A

 
   
  

 ,  B  = [-1  2  1] (2)

Time : 40 mts Max.Marks : 20
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Answers
1) We have A.I. = I, A       (Ans: A)

Here AB =A
2) Since A is Skew Symmetric matrix, diogonal elements are all zero.

1 0
1

x
x
  


3) Order of A = 2x3, order of B=3x1
2 x 3   3 x 1

Order of AB = 2x1

4)
Cos Sin

A
Sin Cos

 
 

 
  
 

1 Cos Sin
A

Sin Cos
 
 

 
   

Given  A+A1 = 
1 1 0

0 1
A  

  
 

First element in Ist row of A+A1 = Cos Cos 
                             = 2Cos
                             = 2Cos = 1

                             = 1
2 3Cos    

5) Given A1= A,   B1 = B
(AB - BA)T = (AB)T -(BA)T

= BT AT - AT   BT

= BA - AB
= -(AB-BA)

  AB - BA is Skew Symmetric.

6) a) Given 
2 2ijA a    x

11 12

21 22

a a
A

a a
 

  
 

Given 2 3ija i j 

11 2 1 3 1 2 3 1a     x x

12 2 1 3 2 2 6 4a     x x

21 2 2 3 1 4 3 1a     x x

22 2 2 3 2 4 6 2a     x x

1 4
1 2

A  
   

 
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b)
1 1 1

4 2
A  

  
 

1 1 4 1 1
1 2 4 2

A A    
     

   

1 1 4 1 2 5
1 4 2 2 5 4
    

        

7) a) Given 
3 3 1

2 2 1
4 5 2

A
 

    
   

A1 = 

3 2 4
3 2 5

1 1 2

  
   
  

let P = A+A1  

6 1 5
1 4 4

5 4 4

 
   
   

1

6 1 5
1 4 4

5 4 4
P P

 
     
   

  P is Symmetric

1

3 3 1 3 2 4
2 2 1 3 2 5
4 5 2 1 1 2

Q A A
     

             
        

0 5 3
5 0 6
3 6 0

 
   
   

Hence 1

0 5 3
5 0 6
3 6 0

Q
  

   
  

 = 

0 5 3
5 0 6
3 6 0


 
  
   

 = -Q

Q is Skew Symmetric.
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b) We have 
1 1

2 2
A A A AA  

   = 2 2
P Q


6 1 5
2 2 26 1 5

1 1 4 41 4 4
2 2 2 2 2

5 4 4 5 4 4
2 2 2

P

 
 

   
         

        
  

1 53
2 2

1 2 2
2

5 2 2
2

 
 
 
    
  
  

  = 

5 30
2 2

1 5 60
2 2 2 2

3 6 0
2 2

Q Q

 
 
 
    
   
  

1 5 5 33 0
2 2 2 2

1 52 2 0 3
2 2

5 32 2 3 0
2 2

A

   
   
   

         
        
      

8)  a) (I+A)3 - 7A = I3 + 3I2A+ 3IA2+A3 - 7A
= I + 3A + 3A2 + A3 - 7A
= I + 3A + 3A + A2 - 7A
= I + 3A + 3A + A - 7A
= I

    b)
3 1

1 2
A  
   

    i)
2 3 1 3 1

1 2 1 2
A    

        

3 3 1 1 3 1 1 2
1 3 2 1 1 1 2 2
   

       

x x x x

x x x x

1 1 3 2
3 2 1 4

 

  

  
  

  
   

8 5
5 3

 
   
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3 1
5 5

1 2
A  
   

 = 
5 3 5 1
5 1 5 2
 
  

x x

x x

= 
15 5

5 10
 
  

ii) 1 0 7 1 7 0
7 7

0 1 0 7 7 1
I    
    

   

x x
x x

=
7 0
0 7
 
 
 

= 
2 8 5 15 5 7 0

5 7
5 3 5 10 0 7

A A I      
               

= 
7 0 7 0

0 7 0 7
   

      

0 0
0 0
 

  
 

9) Write A = IA

ie,  
1 2 1 0
2 1 0 1

A   
      

                                                      2 2 12R R R  x

1 2 1 0
0 5 2 1

A   
        

                                                      2
2 5

RR 


1 01 2
2 10 1
5 5

A
           

                                                      1 22R R

4 211 0 5 5
0 1 2 1

5 5

A

   
       
  
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=

1 2
5 5
2 1
5 5

A

 
 
 

 
  

1

1 2
5 5
2 1
5 5

A

 
 

   
 

  

10)  1 1 43A   ,   
1

1
2
1

B
 
   
  

 
1
4 1 2 1

3
AB

 
    
  

1 1 1 2 1 1
4 1 4 2 4 1

3 1 3 2 3 1

 
      
  

x x x
x x x

x x x

1 2 1
4 8 4

3 6 3

 
    
  

 1
1 4 3

2 8 6 ....(1)
1 4 3

AB
  
   
  

 1 1

1
2 1 4 3
1

B A
 
   
  

= 

1 4 3
2 8 6 ......(2)
1 4 3

  
  
  

From (1) and (2) (AB)1 = B1A1

***
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4.     DETERMINANTS

BapJw

kwJy-I-fpsS hn\ym-k-amWv am{SnIvkv F¶v \n§Ä a\-Ên-em-¡n. F¶mÂ ka-N-Xp-cm-

Ir-Xn-bnÂ hn\y-kn-¨n-cn-¡p¶ Hcp am{SnIvkpambn _Ô-s¸-Sp-¯p¶ kwJy-bmWv

UnäÀan-\â v.

A F¶ ka-N-Xp-cm-Ir-Xn-bn-epÅ am{SnIvknsâ UnäÀan-\âns\ A  sImt­m det(A)

sImt­m kqNn-̧ n-¡p-¶p.

2x2 am{SnIvknsâ UnäÀan-\â v

a
A

c


 


  
b
d




 F¦nÂ A ad bc 

3x3 am{Sn-Ivknsâ UnäÀan-\â v

a
A d

g


 


  

b
e
h

  

c
f
a






 F¦nÂ

A   a 
e
h




 
f
a




 - b  
d
g




 
f
a




 + C 
d
g




 
e
h




kwJy-I-fpsS {Inb-I-fp-ambn _Ô-s¸« Nne kqN-\-IÄ

k¦-e\w

 +ve + +ve = +ve

-ve + -ve = -ve

hn]-coX NnÓ-§fpÅ kwJy-IÄ Iq«p-t¼mÄ tIh-e-hne hep-XnÂ \n¶v tIh-e-hne

sNdpXv Ipd¨v tIh-e-hne hep-Xnsâ NnÓw Fgp-Xp-I.

DZm:þ þ8+2 = --þ(8þ2) = -þ6

9+-- þ4 = 9-þ4 = 5

hyh-I-e\w

Ipd-t¡­ kwJy-bpsS NnÓw amän Iq«pI

DZm:þ 10-þ-þ2= 10+2 = 12

(--þ4) -þ(-þ9) = þ4+9=9-þ4 = 5

KpW\w

(+ve)x(+ve) = +ve

(+ve)x(-ve) =-ve
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(-ve)x(+ve) =-ve

(-ve)x(-ve)=+ve

lcWw

ve ve
ve


 



ve ve
ve


 



ve ve
ve


 



ve ve
ve


 



`n¶-kw-Jy-IÄ

a
b  F¶ cq]-̄ n-epÅ kwJy-I-fmWv `n¶-kw-Jy-IÄ.

(a bpw b bpw ]qÀ®-kw-Jy-I-fm-bn-cn-¡-Ww)

]qÀ®-kw-Jybpw `n¶-kw-JybmWv.

DZm:--þ 
55
1



{Inb-IÄ

k¦-e\w: tOZw kam-\-am-sW-¦nÂ D¯-c-̄ nsâ tOZw s]mXp-hmb tOZhpw Awiw

Awi-§-fpsS XpI-bpw.

DZm:þ 
2 4 2 4 6
7 7 7 7


  

tOZw hyXy-kvX-§-fm-sW-¦nÂ

a c ad bc
b d bd


   (t{Imkv KpW-\w)

DZm:þ 
4 5 (4)(11) (5)(9) 44 45 89
9 11 (9)(11) 99 99

 
   

KpW\w

Awi-§Ä X½nepw tOZ-§Ä X½nepw KpWn-¡p-I.

.

.


a c a cx
b d b d

lcWw

Awihpw tOZhpw ]c-kv]cw amän KpWn-¡pI

a c a d adx
b d b c bc
  
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Hcp {XntIm-W-̄ nsâ hnkvXoÀ®w

Hcp {XntIm-W-̄ nsâ ioÀj-§Ä (vertices) (x1,y1), (x2,y2), (x3,y3) F¦nÂ hnkvXoÀ®w

1

2

3

½

 


x
x
x

 

1

2

3

y
y
y

 

1
1
1






ssa\dpw tIm^m-IvSdpw (Minor and cofactor)
aij F¶ ]Z-̄ nsâ ssa\-dns\ Mij sIm­p kqNn-̧ n-¡p-¶p. aij F¶ ]Z-̄ nsâ

tIm^m-IvS-dns\ Aij sIm­p kqNn-̧ n-¡p-¶p.

Mij In«m³ aij \nÂ¡p¶ row bpw column Dw Hgn-hm-¡n-¡n-«p¶ am{Sn-Ivknsâ UnäÀan-\â v

I­mÂ aXn.

Aij In«m³ Aij=(-1)i+j Mij F¶ formula D]-tbm-Kn-¡p-I.

kqN\: (þ1)sâ IrXn Hä-kw-Jy-bm-sW-¦nÂ þ1Dw Cc-«-kw-Jy-bm-sW-¦nÂ 1Dw BWv.

am{Sn-Ivknsâ AUvtPm-bnâ v

Aij F¶Xv aij F¶ ]Z-̄ nsâ tIm^m-IvSÀ F¦nÂ,

11

21

31

a
A a

a


 


 

12

22

32

a
a
a

 

13

23

33

a
a
a






 F¶ am{Sn-Ivknsâ AUvtPm-bnâ vv

adj  

11

12

13

A

A A
A




 



 

21

22

23

A
A
A

 

31

32

33

A
A
A






kq-N\: A bnse H¶m-as¯ row bnse ]Z-§-fpsS cofactor I­v column Bbn-«mWv adjA

In«m³ Fgp-tX-­-Xv.

am{Sn-Ivknsâ C³thgvkv (inverse) ImWm-\pÅ formula.

0A   F¦nÂ A-1 = 
1 adjA
A

System of linear equation \nÀ[m-cWw sN¿p-¶-hn[w

Xmsg-]-d-bp¶ Sysytem of linear equation ]cn-K-Wn-¡p-I.

a1 x+b1y = c1

a2 x+b2y = c2

CXns\ am{SnIvkv cq]-̄ nÂ C§s\ Fgp-Xmw.

1

2

a
a




 
1

2

b
b



 

x
y
 
 
 

 = 
1

2

c
c
 
 
 
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1

2

a
a




 
1

2

b
b




 s\ A  F¶pw 
x
y
 
 
 

 sb X F¶pw 
1

2

c
c
 
 
 

 sb B F¶pw hnfn-̈ mÂ,

AX=B F¶v In«pw.

A-1 I­v A-1 s\ B sIm­v KpWn-¡p-I.

A-1B F¶ am{SnIvkv 
1

2

x
y
 
 
 

 F¶ cq]-̄ nÂ Bbn-cn-¡pw.

At¸mÄ 
1

2

x x
X

y y
   

    
   

 F¶v In«pw.

AXp-sIm­v x=x1 F¶pw y=y1 F¶pw In«p-¶p.

0A   F¦nÂ am{Xta Cu coXn-bnÂ \nÀ[m-cWw sN¿m³ Ign-bp-I-bp-Åq.

DZm:þ Evaluate the determinant 

3
1
2
  

4
1
3



 

5
2

1


Solution

3
1
2
  

4
1
3



 

5
2

1


 = 3 
1
3  

2
1


 -----4  
1
2  

2
1


 + 5 
1
2  

1
3

(Expansion along Ist Row)

     1(1) 3( 2) 4 1(1) 2( 2) 5 1(3) 2(1)       

 3 1 6 4 1 4 5 3 2            

     3 1 6 4 1 5 5 3 2     

3(7) 4(6) 5(1)
21 24 5
50

  
  


Find the area of the triangle with vertices at the point given in (1,0), (6,0), (4,3)

Solution
Area of the triangle with vertices (x1,y1), (x2,y2) and (x3,y3)

is 

1

2

3

½
x
x
x

   

1

2

3

y
y
y

 

1
1
1
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Here (x1, y1) = (1,0)
(x2,y2) = (6,0)
(x3, y3) = (4,3)

1
½ 6

4
Area  

 

0
0
3
 

1
1
1

 
 

½ 1(0 3) 0 1(18 0)
½ 3 18
    

  

½ (15)
15
2





Show that the points
A(a,b+c), B(b, c+a), C(c, a+b) are collinear.

Solution
Three points (x1,y1), (x2,y2) and (x3,y3) are collinear

if 

1

2

3

x
x
x

 

1

2

3

y
y
y

 

1
1
1

 = 0

Here 1 1( , )x y = (a, b+c)

2 2( , )x y  = (b, c+a)

3 3( , )x y  = (c, a+b)

1

2

3

x
x
x

 

1

2

3

y
y
y

 

1
1
1

 = 

a
b
c
  

b c
c a
a b





  

1
1
1

= 

a b c
b c a
c a b

 
 
 

  

b c
c a
a b





 

1
1
1

 C1   C1+C2

= (a+b+c) 

1
1
1
  

b c
c a
a b





 

1
1
1

= (a+b+c)x0    (C1=C2) Bb-Xp-sIm­v

= 0   The given points are collnear..
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Find the equation of the line joining (1,2) and (3,6) using determinants.

Solution
Let (x, y) be any point in the line joining (1,2) and (3,6) then,

1
3

x

 2
6

y

 

1
1
1

 = 0

ie, x (2-6) - y (1-3) + 1 (6-6) = 0

ie, x(-4) -y (-2) + 0 = 0

ie, -4x + 2y = 0

ie, 2x-y = 0

]cn-io-e\w

I Find the determinant of the following matrices.

1.
1
3   

2
4

2.
1

3


 
2

5


3.
1

6


 
4

5

4.  

1
3
2
 

1
4

5




 

2
6
7

5.

0
3

2


 

1
2
1



 

3
5
1

II Find the areas of the triangle whose vertices are given as
a) (1, 2), (1, 4), (2, 6)

b) (0, 0), (1, 1), (2, 2)

c) (-1, 1), (-2, 4), (0, 5)
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III Find the equation of the line joining (3,11) and (9,3)

Eg:- Write the minor and cofactors of the elements of the determinants  
2
0  

4
3


M11 = 3 A11 = (-1)1+1 M11 = 3

M12 = 0 A12 = (-1)1+2 M12 = 0

M21 = -4 A21 = (-1)2+1 M21 = (-1) (-4) = 4

M22 = 2 A22 = (-1)2+2 M22 = 2

Eg:- Write the minors and cofactors of the elements of the determinant.

1
3
0

  

0
5
1

  

4
1

2


M11 = 
5
1  

1
10 ( 1) 11

2


    A11 = (-1)1+1 M11=11

M12 = 
3
0   

1
6 0 6

2


   A12 = (-1)1+2 M12 = (-1)6=-6

M13 = 
3
0  

5
3 0 3

1
   A13 = (-1)1+3 M13 = 3

M21 = 
0
1  

4
0 4 4

2
    A21 = (-1)2+1 M21- (-1) (-4)=4

M22 = 
0
1  

4
2 0 2

2
   2+2

22 22A  = (-1)  M  = (1)(2) = 2

M23 = 
1
0  

0
1 0 1

1
   A23 = (-1)2+3 M23 = (-1) (1) = -1

M31 = 
0
5  

4
1 A31 = (-1)3+1 M31 = -20

M32 = 
1
3  

4
1 12 13

1
    

 A32 = (-1)3+2 M32 = (-1) (-13) = 13
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Adjoint of a Matrix
The adjoint of a Square Matrix A=(aij) nxn is defind as the transpose of the matrix (Aij) nxn .
Above Aij  is the cofactor of element aij. Adoint of the matrix. It is denoted by adj.A.

Let 
11 12 13

21 22 23

31 32 33

a a a
A a a a

a a a

 
   
 
 

 then

adj A = transpose of 
11 12 13

21 22 23

31 32 33

A A A
A A A A

A A A

 
 

  
 
 

11 21 31

12 22 32

13 23 33

A A A
adj A A A A

A A A

 
 

  
 
 

Eg: Find adj A for 
2 3
1 4

A  
  
 

A11 = (-1)1+1 4=4, A12 = (-1)1+2 1=-1
A21 = (-1)2+1.3 = -3,            A22  = (-1)2+2. 2=2

Cofactor Matrix = 
11 12

21 22

A A
A A
 
 
 

 
4 1

3 2
 

   

adjA 
4 3

1 2
 

   

Remark: For a square matrix of order 2, given by 
11 12

21 22

a a
A

a a
 

  
 

The adj A can also be obtained by interchanging a11 and a22 and by changing the signs of a12
and a21.

22 12

21 11

a a
Adj A

a a
 

   

eg: If 
1 2
3 4

A
 

   
 then 

4 2
3 1

adj A
 

   
Theorem

If A is any square matrix of order n, then A.adj A = adj of A = A I .
Above I is the square matrix.
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Singular and Non Singular Matrix

A square matrix A is said to be singular if 0A 

eg:- 
2 3
4 6

A  
  
 

 hence 12 12 0A   

A is non singular..

Non Singular

A singular matrix A is said to be non singular of 0A  .

Eg:- 
1 2
3 4

A  
  
 

 then 4 6A    = -2 0

Hence A is non Singular.

Inverse of a Matrix
Let A be a square matrix of order m. If we can find a square matrix B of order m such that AB =
BA = I  then B is called the inverse of A and it is denoted by A -1. Inverse of matrix is unique.

Necessary and sufficient condition for Inverse
A square matrix has inverse iff it is non singular

ie, 1A  exists  0A 
Let A is square matrix.

Then 1 adjAA
A

 

Examples

1) Find A-1, for 
1 2
3 4

A  
  
 

Solution

We have 
1 2
3 4

A 

= 4 6
= -2

adj A = 
4 2

3 1
 

  

1 1 .A adjA
A


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=
4 -21
-3 12
 
 
 

x

4 2
2 2

1 13 1
2 2

  
 

  
   

x x

2 1
3 1
2 2

 
   
 

2) If 

1 3 3
1 4 3
1 3 4

A
 
   
  

 then verify that A.adjA = .A I . Also find AA-1.

Solution

A = 1(16-9)-3 (4-3)+3(3-4)

1 0 
Now A11=7, A12=-1, A13=-1, A21 = -3,
A22=1, A23=0, A31=-3, A32=0. A33=1

7 3 3
1 1 0
1 0 1

A
  

    
  

A.adj A = 

1 3 3 7 3 3
1 4 3 1 1 0
1 3 4 1 0 1

    
      
      

= 

7 3 3 3 3 0 3 0 3
7 4 3 3 4 0 3 0 3
7 3 4 3 3 0 3 0 4

        
         
         

=

1 0 0 1 0 0
0 1 0 1 0 1 0
0 0 1 0 0 1

   
      
      

A-1 = 
1
1

adjA
A



7 3 3
1 1 0
1 0 1

  
  
  

= 

7 3 3
1 1 0
1 0 1

  
  
  
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Application of Determinants and Matrices
Consistent Equation

A system of equations is said to be consistent if it has a solution.
Inconsistent System

A system of equations is said to be inconsistent if its solution does not exist.

Solution of system of Linear Equations
Consider the system of Equations

1 1 1 1

2 2 2 2

3 3 3 3

a x b y c z d
a x b y c z d
a x b y c z d

  
  
  

The system of equations can be represented as Ax=B where,

1 1 1 1

2 2 2 2

33 3 2

, ,
a b c x d

A a b c X y B d
z da b c

     
            
         

If A is no non singular then we have A-1 exists.
AX = B
Multiplying on both sides to the left.

A-1(AX)=A-1B
(A-1A)X = A-1B
IX = A-1B

X = A-1B

By using A-1 we can solve the system of equations. This method of finding solutions of system of
equations is called matrix method.

Examples
Solve the system of Equations using matrix method

2 5 1
3 2 7

x y
x y
 
 

then 
2 5 1

, ,
3 2 7

x
A X B

y
     

       
     

Then system can be represented as
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AX = B
Then X= A-1B

1 adjAA
A

 

 
2 5

4 15 11
3 2

A     

Adj.A = 
2 5

3 2




A-1 = 
2 51

3 211
 

  
X = A-1B

=
2 5 11

3 2 711
   

      

= 
2 351

3 1411
  

   

=
331

1111
 
 
 

ie, 
3133
111

x
y

               
x

3, 1x y   

Example
Solve the system of Equations

2 3 10 4
x y z
  

4 6 5 1
x y z
  

6 9 20 2
x y z
  

The system of equations can be represented as AX=B
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1

2 3 10 4
14 6 5 1

6 9 20 2
1

x

A X B
y

z

 
 

    
           
       

 
  

X = A-1B
A11 = 75 A12= 110 A13 = 72
A21=150 A22 = -100 A23 = 0
A31=-45 A32=50 A33=-24

75 150 45
. 110 100 50

72 0 24
adj A

 
   
  

1 adjAA
A

 

     2 120 45 3 80 30 10 36 36A       
=2x75 - 3x-110+72x10
= 540

= 
1

75 150 45
1 110 100 50

540
72 0 24

A 

 
   
  

X = A-1B

= 

75 150 45 4
1 110 100 50 1

540
72 0 24 2

   
      
      

= 

2
3
5

 
 
 
  

2, 3, 5x y z  
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UNIT TEST
Time : 40 mts Max.Marks : 20

1) If the matrix 

1 7 5
0 2 3
0 4 x

 
 
 
  

 is not inversible then x  ..............

2) Le A be a 3x3 matrix with 3A   then 2 .............A 

3) If 
3

5
5 2
x

 then .................x 

4) Let A be a Non Singular Matrix of order 3x3. Then adj A  is equal to ..............

(a.  A      b.  2A     c.  3A    d.  3 A )

5)

2 7 5
6 21 15 ................
5 9 86

 (one each)

6) Let 
2 5
3 2

A  
  
 

a) Find A (1)
b) Find adj A (1)
c) Find A-1 (1)
d) Using A-1 solve the system equations (2)

2 5 1
3 2 7

x y
x y
 
 

7) Using properties of determinant

a) Show that 

2

2 2 2 2

2

4
a ab ac

ba b bc a b c
ca cb c



 


(2)

b) Using determinant, Find the equation of line joining (1,2) and (3,6) (2)

8) Let 

2 3 5
3 2 4
1 1 2

A
 

   
  

a) Find A (1)
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b) Find adj A. (2)
c) Find A-1 (1)
d) Solve the system of Equations

2 3 52 11
3 2 4 5

2 3

x y
x y z

x y z

  
   
   

(2)

***
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5.    FUNCTIONS LIMITS & CONTINUITY

Domain and Range
Consider the function y=f(x), the set of all possible x-values is called the domain of f and set of

y-values that results when x-values over the domain is called range of  f.

Eg:- Find the domain of (i) f(x) = x2,  (ii) f(x) =    
1

(x 1 x 2 

Ans: i) The function f is a polynomial. Hence the domain is the interval  ,   or R
set of reals.

ii) The domain = R- {x:(x-1) (x-2) = 0} = R - {1,2}

Limits : If the values of f(x) can be made as close to L, by taking the values of  'x' sufficiently close to 'a'

(bu t a)  then we write x a
lim it
  f(x)

Eg:- i) x 2
lim it
    x2=22=4 (ie, when x2, x24)

ii) x 3
lim it
    (x2-2x+5)=32-2x3+5 = 9-6+5 = 8 (ie, when x3, x2-2x+58)

Right and left hand limits

If the values of f(x) can be made as close to R, by taking values of x sufficiently close 'a' (but

greater than a), then we write x a +
lim it ( )f x R


  called the right hand limit.

If the values of f(x) can be made as close to L by taking values of x sufficiently close to a (but less

than a) then 
x a

limit


 f(x) =L called the left hand limit.

Eg: f(x) =     
x
x

, x 0      then  
x
x 1, when x0+

x
a n d

x  -1, when xo-

-

* Limit exist only when the right hand limit and left hand limit are coincide.

ie, +x a
limit
   f(x) = -x a

limit
  f(x)

Results

x a
limit ( constant)k k where k is




*      x a x a x a
limit f(x) g(x) limit f(x) limit g(x)
  

  

  0, x=0
 {
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Eg:-  
2 2 2x x x

lim it Sinx Cosx lim it Sinx lim it Cosx 1 0 1
    

     

*  x a x a x a
lim it f(x) g(x) limit f(x) lim it g(x)
  

 

Eg:-  
4 4 4x x x

1 1 2lim it Sin x tan x lim it Sin x lim it tan x 1
2 2    


     

*  x a x a x a
limit f(x).g(x) limit f(x).limit g(x)
  



Eg:-     
x 3 x 3 x 3
limit x 3 (x 5) limit(x 3)limit x 5
  

        (3 3)(3 5) 6.( 2) 12     

*
x a

x a
x a

limit f(x)f(x)limit
g(x) limit g(x)






 
 
  

Eg:-
x 4

x 4
x 4

lim it(x 1)x 1 4 1 5limit
x 5 limit(x 5) 4 5 9






         

*  x a x a
limit . ( ) .limit ( ); co tank f x k f x k is ns t
 



Eg:-    
2 2x x

lim it 3Sinx 3.lim it Sinx 3.Sin 3.1 32  
    Sin 1

2
  

 


Computing limit for the rational function 
p(x)
q(x)

a. x 1
x 1 1 1lim it 0
x 2 1 2

 
 

 

b. 2x 3
x 3 1 1 0lim it 0x 9 1 2

 
 

 
Hence it is evaluated as follows.

 
  x 3

x 3
lim it

x 3 x 3


   (factorising the denominator)
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= x 3
1 1 1lim it

x 3 3 3 6
 

 

c.
2 2

2 2x 2
x 4 2 4 4 4 0limit 0x 5x 6 2 5x2 6 4 10 6

    
     

 form. Hence it is evaluated as follows.

x 2
(x 2)(x 2)lim it
(x 2)(x 3)

 
   (factorising both numerator and denomenator)

x 2
x 2 2 2lim it 4
x 3 2 3
        

Special Limits

a) i)
n n

n 1

x a
x alim it na

x a



 


Eg:- 
3 3

3 1 2

x 2
x 2lim it 3(2) 3.2 12
x 2




   


ii)
2 5 5

5 1 4

x -1 x -1
x 1 x ( 1)lim it lim it 5( 1) 5( 1) 5
x 1 x ( 1)


 

  
     

 

iii)
3 3 3

3 1

x 3 x 3
x 27 x 3lim it lim it 3(3) 3x9 27
x 3 x 3



 
    
 

b)
x

x 0
e 1lim it 1

x
 

c) 0
Sinlim it 1







,     x 0 x 0

Sinax Sinaxlim it lim it .a
x ax 

  = ax 0

Sinaxa.lim it
ax

 
 
 

= ax 0

Sinaxa.lim it
ax

 
 
 

=  a.1

= a

d) x 0
log(1 x)lim it 1

x



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Continuity
The continuity of a function y=f(x) is easily calculated by drawing its graph. If the graph has no

break or jump, the function is continuous on the given interval.

Eg:- a) f(x) = x , absolute value function, from the

graph, x is continuous.

 b) f(x) = Sinx, x(0, 2 )
The graph has no jump or break, it is continuous.
(  the graph has no jump or break)

Definition: A function f(x) is continuous at the point  x = a if

  x a
limit f(x) f(a)


  or  x x
limit ( ) limit ( ) ( )

a a
f x f x f a

   
 

Problem

Examine the continuity of the function 2

1 2x,0 x 2
f(x)

x 1, 2 x 4

   
  

   
 at x=2

Ans:  +

2 2

x 2 x 2
f(2 ) lim it f(x) lim it x 1 2 1 5

 
     

 
x 2- x 2

f(2 ) lim it f(x ) lim it 1 2 x 1 2 x 2 5

 
     

2f(2) 2 1 5   , Hence f(2 ) f(2 ) f(2) f    is continous at x=2

Problem

Find the value of k if 
2kx , x 2

f(x)
2x k , x 2
 

  
  

 is continuous

+x 2 x 2
lim i t ( ) lim it ( 2 ) 4f x x k k
 

   

-

2 2

x 2x 2
l i m i t ( ) l i m i t ( ) 2 4f x k x k x k


  

Since f(x) is continuous at x=2, we have x 2 x 2
limit ( ) limit ( )f x f x
   

  4+k=4k 44 3 3k 

Fig (1)

Fig (2)

xO

2
  3 2

 2
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Problem

Find the value of  a and  b if  f(x)   

1; 3
;3 5

3; 5

x
ax b x

x


   
 

 is continuous at x=3 and  x=5.

+ x 3x 3
limit ( ) limit( ) 3f x ax b a b


   

x 3 - x 3
lim it ( ) lim itf x
 

  (1) = 1 since f(x) is continuous at x=3, to get,

f(3 ) f(3 ) 3a b 1..............(1)    

again + x 5x 5
lim it ( ) limitf x


   (3) = 3,

- x 5x 5
limit ( ) limit( ) 5f x ax b a b


    

Since f is continuous  at x=5, to get x 5- x 5
limit ( ) limit ( )f x f x
 

   5a+6=3 ................(2)

Solving (1) & (2)

3a+b=1

5a+b=3

Put a=1, in (1) to get 3x1+b=1 3+b=1 b=-2
a = 1 & b = -2
Hence the result.

Functions limits and continuity

BZy-ambn y=f(x) F¶ GIZw (^-Mvj³) ]cn-K-Wn-¡p-I.

 x kzoI-cn-¡p¶ hne-I-fpsS KW-̄ ns\ GI-Z-̄ nsâ sUmssa³ F¶v hnfn-¡p-¶p. x

hyXykvX hne-IÄ kzoI-cn-¡p-t¼mÄ y bv¡v e`n-¡p¶ hne-I-fpsS KWw {]kvXpX GI-

Z-̄ nsâ tdbv©v F¶-dn-b-s¸-Sp-¶p.

 Hcp ^Mvjsâ enanäv FIvknÌv sN¿-W-sa-¦nÂ AXnsâ ssdäv sskUv enanäpw se^väv

sskUv enanäpw Xpey-am-bn-cn-¡-Ww.

3a+b = 1 .............(1)
5a+b = 3 .............( 2)
(2)-(1) 2a = 2  a=1
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Transformation of functions
1) f(x) transforms to f(x)+a

If a>0 then f(x)+a shift the graph of f(x) 'a' unit upwards.
2) f(x) transforms to f(x) - a

If a>0 then f(x)-a shift the graph of f(x) 'a' unit downward.
3) f(x) transforms to f(x+a)

If a>0 then f(x+a) shift the graph 'a' unit towards left.
4) f(x) transforms to f(x-a)

If a>0 then f(x-a) shift the graph 'a' unit towards right.

Illustration
Consider the function f(x) = x2

Then the graph of the function g(x) = f(x)+2 = x2+2. It is obtained by shifting the graph of f(x)=x2

2 unit upward as shown below

fig.1

f(x)   f(x)-1 is obtained as shown below

p(x) = f(x+2) = (x+2)2 is obtained as shown below.

q(x) = f(x-2) = (x-2)2 is obtained as shown below

fig.5

1
2

f(x)

fig.4

-1

f(x+2)

f(x-2)

f(x)+2

fig.2

fig.3

f(x)-1

-1
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5) f(x) transforms to a f(x); a>1
If we multiply f(x) by a>1, the graph of f(x) is streched 'a' times vertically

Illustration
Consider f(x) = Sinx

fig.6

g(x) = 2f(x) = 2Sinx   Struch the graph twice vertically

6) f(x) transforms to f(ax)
If a>1 f(ax) shrink the graph of f(x) a lines horizontally.

Illustration
Consider f(x) - Sinx
h(x) = f(2x) - Sin2x shrink the graph of f(x) 'a' times unit horizontally.

fig.7

fig.8
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Alternate method to find left hand and right hand limit

h 0x
limit ( ) limit ( ) 0

a
f x f a h where h

 
  

h 0x
limit ( ) limit ( ) 0

a
f x f a h where h

 
  

Eg:- Consider 1
( )

2 1
x if x

f x
x if x

 


 

x 1 h 0
limit ( ) limit (1 )f x f h
  

 

 
h 0
limit 1 h


 

= 1 - 0 = 1

x 1 h 0
limit ( ) limit (1 )f x f h
  

    
h 0
limit 1 2 , 1 1h as h


    

= 1+0+2 = 3
Continuity

How to check whether a functions f(x) is continuous at x=a

Step 1 - Find x
limit ( )

a
f x

 

Step 2 - Find x
limit ( )

a
f x

 

Step 3 - Find ( )f a

If x x
limit ( ) limit ( ) ( )

a a
f x f x f a

   
  then the function is continuous at x=a

Otherwise f is discontinuous at x=a
A function fails to continous at x=a due to following reasons.

1) x
limit ( )

a
f x

   does not exist

2) x
limit ( )

a
f x

   does not exist

3) x x
limit ( ) limit ( )

a a
f x f x

   


4) x
limit ( ) ( )

a
f x f a



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UNIT TEST
Score 20 Time : 40 minutes

I. Choose the correct answer from the given alternatives. (Score 1 each)

1. x 0
log(1 )limit x

Sinx


 is equal to

a) 2 b) 1 c) e     d)  none of these

2) Let 
2

1
( )

1 1
x a x

f x
ax x
 

 
 

then f(x) is continuous at x=1 for
a) a=0 b) a=1 c) for all a    d) none of these

3) If ( )f x x  then f1(0) is

a)  0 b) 1 c) -1     d) none of these

4) If ( )p q p q dyx y x y then
dx

  

a) 
x
y b)

y
x c)

x
x y d) 

y
y x

5) If 
2

2
mx mx d yy a e b e then

dx
  

a) m2y b) -m2y c) my d) -my

II Answer the following
6) Discuss the continuity of f(x) at x=0

If 
2 1 0

( )
2 1 0

x if x
f x

x if x
    

(Score 3)

7) Differentiate  2log 1Sinx x   w.r. to x (Score 2)

8) Differentiate (tan )Sinx xe x w.r.t x (Score 3)

9) If     ( )x a Sin  

(1 )y a Cos  

Find 
2

dy at
dx

 (Score 2)
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10) Verify Languages Mean Value theorem for the function 2( ) 4f x x  in the interval
(2,4)

11) Differentiate the function w.r.to 1
2

2
1

xx Sin
x

     
(Score 2)

Answer and hints

1. b)

log(1 )
log(1 )

x
x x

SinxSinx
x


 

2. c) x 1
limit ( ) 1f x a and
 

 

x 1
limit ( ) (1) 1f x a b f a
 

   

x 1 x 1
limit ( ) limit ( ) (1)f x f x f for any a
   

  

3. d) ( )f x x  is not differentiable at 0x
4. b) Take log on both sides and differentiate
5. (a)

6. x 0 x 0
limit ( ) 1 limit ( ) 1f x and f x
   

 

  f is not differentiable at x=0

7. Let  2log 1y Sin x 

2 2

1 1 (2 )
1 2 1

dy x
dx Sin x x


 

x
  2 21 1

x
x Sin x


 

8. Let sin (tan )x xy e x 

Let (tan )Sinx xu e and x 

dy du dv
dx dx dx

 

By logarithemic differentiation find 
du
dx  and 

dv
dx

9. (1 )dx a Cos
d

  

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( )dy a Sin
dx

 

(1 )
dy a Sindy dx

d ddx a Cos
 

   

= 1
Sin
Cos


 

at 12, 1
2 1 01

2

Sindy
dx Cos


    

10. Given 2( ) 4f x x 

f is continuous on  2,4  and differentiable on  2,4

  By Lagranges  mean value theorem, there exist (2, 4)c  such that 1 (4) (2)( )
4 2

f ff c 


2 2( ) 4 ( ) 4 4 12 2 3f x x f x      

(2) 4 4 0f   

(4) (2) 2 3 3
4 2 2

f f  


= 
2 1

2

1( ) 4 ( ) 2
2 4

f x x f x x
x

   


2 4
x

x




1

2
( )

4
cf c

c




1

2

(4) (2)( ) 3
4 2 4

f f cf c
c

  
 

2

2 3
4

c
c

 


2 23( 4)c c 

2 22 12 6 6 (2,4)c c c    

Hence Lagrange's mean value theorem is verified.
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11. Let 1
2

2
1

xy Sin
x

     
   Put tanx 

Then 
1 1

2 2

2 2 tan
1 1 tan

xy Sin Sin
x




            

= 1( 2 )Sin Sin 

= 2

= 12 tan ( )x

2 2

1 22.
1 1x x

 
 

***
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6.  DIFFERENTIATION

The derivative is a mathematical tool, which is used to study the rate at which the quantities

change.

- Rate of change of quantities s\¡p-dn¨v ]Tn-¡phm³ klm-bn-¡p¶ KWn-X-im-kv{X-kw-Ú-

bmWv differentiation.

Definition

The derivative of f(x) at x=a is denoted as f '(a) and is defined as f '(a) 
( ) ( )lim

x a
f x f ait

x a

    

- f(x) derivative x=a F¶ t]mbnânÂ f'(a) F¶v kqNn-̧ n-¡-s¸-Sp-¶p. Xmsg-]-dbpw {]Imcw

AXns\ \nÀÆ-Nn-¡mw.

( ) ( )'( ) lim
x a

f x f af a it
x a

    

Remarks
Geometrical meaning of the derivative is slope of tangent. The right hand derivative of f(a) is

h 0

f(a h ) f(a )lim it
h

 

The left hand derivative of f(a) is 
0

( ) ( )limit
h

f a f a h
h

 

Problem

Find the right hand and left hand derivative of f(x) = |x| at x= o

Right hand derivative at x = o is 
h 0 h 0

hf(o h) f(o) f(h) f(a)lim it lim it 1
h h h 

    

Left hand derivative at x=0 is 
0 0

( ) ( )lim lim 1
h h

hf o f o hit it
h h 

 
  

Note:Every differentiable function is continuous.

Some Standard results

*  n n 1d x nx
d x

 *     d x 1
dx

 *    2

d 11
xdx x




*  d 1log x
dx x

 *   x xd e e
dx

 *  d 1x
dx 2 x


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*  x xd a a log a
dx

 *  d Sinx Cosx
dx

 *  d Cosx Sinx
dx



*   2d tan x Sec x
dx

 *   2d Cotx Co sec x
dx

  *  d Secx SecxTanx
dx



*  d Co sec x Co sec xCotx
dx

  *  1
2

d 1Sin x
dx 1 x

 


  *  1
2

d 1Cos x
dx 1 x

 


*  1
2

d 1tan x
dx 1 x

 


*  1
2

d 1Cot x
dx 1 x

 



     *   1

2

1d Sec x
dx x l

 


*  1
2

d 1Co sec x
dx x x 1

 


*   (1 log )x xd x x x

dx
 

*  d k 0,
dx

  k- constant *  d dk.f(x) k. f(x)
dx dx

 ,  k constant

* Sum rule :  ( ) ( ) ( ) ( )d d df x g x f x g x
dx dx dx

  

- Sum rule c­v ^Mvj-\p-I-fpsS XpI-bpsS sUdn-th-äohv Hcp ^Mvj-sâbpw sUdn-th-äo-hn-

sâbpw XpIbv¡v Xpey-am-bn-cn-¡pw.

ie,  ( ) ( ) ( ) ( )d d df x g x f x g x
dx dx dx

  

Eg:-1 Find The Derivative of (Sinx+Cosx)

Solution:

 d d dSinx Cosx (Sinx) (Cosx)
dx dx dx
Cosx Sinx

  



Eg:-2 Find the derivative of    1 1Sin x Cos x   with respect of x

Solution:      1 1 1 1d d dSin x Cos x Sin x Cos x
dx dx dx

     

   2 2

1 1 1 1. .
2 x 2 x1 x 1 x


 

 
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1 1 1 0
2 x 1 x 1 x

      

Product Rule

   d d df(x).g(x) f(x). g(x) g(x) f(x)
dx dx dx

 

(Derivative product of two functions = Ist function x derivative of second function + second

function x derivative of Ist function)

þ Product rule : c­v ^Mvj-\p-I-fpsS KpW-\-̄ nsâ sUdn-th-äohv = H¶mw ̂ Mvj³ x

(derivative of c­mw ^Mvj³) +   (c­mw ^Mvj³) x (derivative of H¶mw-̂ -Mvj³)

Eg:-(i)Find the derivative of x.ex with respect of x

x x x x xd d dx.e ) x. (e ) e (x) x.e e .1
dx dx dx

     
 

xe (x 1) 

Eg:(ii) Find the derivative of Sinx.Cosx with respect of  x.
d d d(Sinx.Cosx) Sinx (Cosx) Cosx (Sinx)

dx dx dx
 

Sinx. Sinx Cosx.Sinx 

2 2 2 2Sin x Cos x Cos x Sin x    

Eg:- (iii) Find the derivative of ex.log x with respect of x.

 x x xd d de .log x e (log x) log x. (e )
dx dx dx

 

x x x1 1e . log xe e ( log x)
x x
  

Rational function

A function is of the form p(x)
, q(x) 0

g(x)
  is known as rational function.

--þ tdj-WÂ (Hcp ^Mvj³ 
p(x)
q(x)  F¶ t^manemsW-¦nÂ B ^Mvj-s\ tdj-WÂ

^Mvj³ F¶v hnfn-¡p-¶p) q (x ) 0
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Quotient  rule

 2

( ) ( ) ( ) ( )( )
( ) ( )

d dg x f x f x g xd f x dx dx
dx g x g x

 
 

 

Eg:-(i)    
 

x x

x 2x

d de . x. ed dx dxx
edx e


  =   

 
 

xx x

2 2x

e 1 xe .1 x.e
ex e




x

1 x
e




Remarks

*      n n 1d df(x) n . f(x) . f(x)
dx dx



Eg:-      10 10 1 9 9d dx 5 10 x 5 . x 5 10(x 5) x1 10(x 5)
dx dx

        x1 = 10 (x+5)9

*    d dS inf(x) Cosf(x) f(x)
dx dx



Eg:-  d dS in 3x Cos3x (3x) Cos3x.3 3Cos3x
dx dx

  

*    d dCosf(x) S inf(x). f(x)
dx dx



Eg:-  d dCos3x Sin 3x (3x) Sin 3x.3 3Sin 3x
dx dx

    

*  d 1 dlog f(x) . f(x)
dx f(x) dx



Eg:-  d 1 d 1log Sinx . (Sinx) .Cosx tan x
dx Sinx dx Sinx

  

*  
 

 1
2

d 1 dSin f(x) . f(x)
dx dx1 f(x)

 


Eg:-
 

 
 1

2
d 1 d 1 1 1Sin x x .

dx dx 1 x 2 x 2 x. 1 x1 x

   
 



89

*  
 

 1
2

d 1 dCos f(x) . f(x)
dx dx1 f(x)

 




Eg:-  
 

 1
2 2 2

d 1 d 1 2Cos 2x . 2x .2
dx dx 1 4x 1 4x1 2x

   
 

*  
 

 1
2

d 1 dtan f(x) . f(x)
dx dx1 f(x)

 


Eg:-  
 

 1
2 2 2

d 1 d 1 3tan 3x . 3x .3
dx dx 1 9x 1 9x1 3x

   
 

*    f(x) f(x)d de e . f(x)
dx dx



Eg:-(i)    x xd d 1e e x. x e .
dx dx 2 x

 

      (ii)    1 1 11

2

1. ( )
1

Sin Sin Sind de x e x Sin x e x
dx dx x

   


Logarithmic Differentiation

This method is usually used to find out the derivative of the function of the  form   ( )( ) g xf x  or the

product of two or more differentiable functions.

  ( )( ) g xf x F¶ coXn-bn-epÅ ^Mvj-\p-Isf Un^-d³jn-tbäv sN¿p-t¼mÄ temK-cn-Z-anIv

sUdn-th-äohv D]-tbm-Kn-¡p-¶p. ct­m AXn-e-[n-Itam DÅ ̂ Mvj-\p-I-fpsS t{]mUIvSns\

Un^-d³jn-tbäv sN¿p-hm\pw {]kvXpX coXn D]-tbm-Kn-¡m-hp-¶-Xm-Wv.

Procedure

X¶n-cn-¡p¶ ^Mvjs\ y F¶v hnfn-¡pI

ie, y = f(x)g(x) c­v `mK¯pw temKv sN¿p-I.

ie, log y = log f(x)g(x) = g(x).logf(x)

Ccp-̀ m-K-§-fnepw Un^-d³jn-tbäv sN¿p-I.

Eg:- Find the derivative of xx with respect of x.

Solution: Let y=xx

Taking log on both sides.
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x nlog y log(x ) log y x log x log a n log a      

Differentiate on both sides with respect x, to get:     d dlog y x.log x
dx dx



 dy1 d d. x. log x log x (x)
y dx dx dx

 

dy d y1 1. x. log x.1 y(1 log x).
y dx x dx

       [But y is only our assumption] thus,

xdy x (1 log x)
dx

 

Eg:(ii) Find  xdy log x
dx



Solution: Put y=(logx)x , taking log on both sides, to get:

 xlog y log (log x) log y x.log(log x)  

Differentiating on both sides with respect to x,

   dy dy1 d 1 d d. x.log(log x) log(log x). (x) . log(log x)
y dx dx y dx dx dx

   

dy1 1 1. x. . log(log x).1
y dx log x x

  

dy 1y log(log x) ;
dx log x

 
   

 
 But y=(logx)x

Hence  xdy 1log x log(log x)
dx log x

 
  

 

ie,    xxd 1(log x) log x log(log x)
dx log x

 
  

 

Exercise : Find i)  1
xd x

dx ,  ii)   Sinxd Cosx
dx     iii)   log xd log x

dx

Parametric Forms
A relation expressed between two variables x and y in the form x=f(t) and y = g(t) is said to
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be parametric form with the parameter t.

x, y F¶o c­v thcn-b-_nÄ X½n-epÅ _Ôw aq¶m-a-sXmcp ]Z-̄ nÂ {]kvXm-hn-¡-

s¸-Sp¶ coXn-bmWv ]mcm-sa-{SnIv t^mw F¶v hnfn-¡p-¶Xv, ie, ( )x f t and ( )y g t .

Here 
dy dy / d t
dx dx/ d t

 ( x & y are in terms of t, thus we can differentiate them

only with  respect to  t.)

Thus in parametric differentiation first we find dy
dt  & dx

d t , then 

dy
dy dt

dx dx
dt



Eg:-i) If y=2at and  x=at2. Find 
dy
dx

Here x & y are in parametric form with the parameter t then,

2dy d dx d(2at)& (at )
dt d t dt d t

 

ie, 2 & 2dy dxa at
dt dt

  .  Thus 

dy
dy 2ad t 1

tdxdx 2atd t
  

Eg:-ii) x=a ( Sin ),   y a(1 Cos )    Find 
dy
dx .

Here x & y are in parametric form with the parameter  .

Then     (1 ) (1 )dy d da Cos a Cos a Sin aSin
d d d

          
  

 dx d da( Sin a ( Sin ) a(1 Cos )
d d d

         
  

Hence 

dy
dy aSin Sind

dxdx a(1 Cos ) 1 Cosd

     
   
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UNIT TEST
Score: 20 Time : 40 minutes

I (Choose the correct answer  - 1 score)
1. The rate of change of the area of a circle w.r.t to radius when r=5cm is

a) 10 b) 210 /cm cm c)
220

7 d) none of these

2. On R, the function f(x) = 7x-3 is
a) Strictly decreasing b) decreasing
c) Increasing d) Strictly increasing

3. Equation of the normal to the curve y=Sinx at (0,0) is
a) x=0 b) y=0 c) x y =0 d) x-y=0

4. The function f(x)=x has
a) only one maximum b) only one minimum
c) one maximum and one minimum d) none extreme value

5. A car starts from a point P at a time t=0 seconds and stops at the point of Q. The distance
x, in metres covered by it, in 4 seconds is given by

2 (2 )
3
tx t  . The distance between P and Q is

a) 4m b)
32
3 c) 32m d) none of these

II Answer the following
6. A ladder 5m long is leaning against a wall. The bottom of the ladder in pulled along the
ground, away from the wall, at the rate of 3cm/sec. How fast  is to be height on the wall
decreasing when the foot of the ladder is 3m away from the wall? (Score 3)
7. Determine the value of x for which 

1( )f x x
x

   is increasing or decreasing (Score 3)
8. Find the equation of the tangent to the curve.

x y a   at the point 
2 2

, , 0
4 4
a a a

 
 

 
(Score 3)

9. If 3 4y x x   and x changes from 2 to 1.99, find the appropriate change in the valur of y..
(Score 2)

10. Use differential to appropriate the cube root of 66. (Score 2)
11. A figure consists of a semi circle with a rectangle on it diameter.

Given the perimeter of the figure, find it dimension in order that the area may be maximum.
(Score 5)
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Anwers with Hints
1. b) 2 2A r cm

22 /dA r cm cm
dr



210 /5

dA
dr cm cmr 

2. c)
f1(x) =  7>0
f is strictly increasing

3. c) Slope of the tangent 
dym Cosx
dm

 

at (0,0)  m = Cos =1

Slope of the normal = 
1 1

m




Formation of the normal
y-0=-1 (x-0)
y+x=0

4. d) f1(x)=1 >0  for all x
ie, f is increasing on R.

5. b) Given 
3

2 22 2
3 3
t tx t t     

 

at P and Q , 0dx
dt



20 4 0dx t t
dt

   

                          
(4 ) 0

0, 4
t t
t

  
 

at P,  ie at t=0 x = 0

at Q, ie at t=4   
32
3

x 

32
3

PQ m 

6.

AC the length of the ladder

Given 3 /dx cm s
dt



A B

C

x

y5
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From right triangle ABC, x2+y2 = 52

2 25y x  

2 2

1 ( 2 )
2 5

dy dxx
dt dtx

 


= 2 2
(3)

5
x

x




at x=3  2 2

3(3) 9
45 3

dy
dt

 
 



  The height of the wall is decreasing at 
9
4 cm/s

7. Given 
1( )f x x
x

 

2
1

2 2

1 1( ) 1 xf x
x x


  

2
1 2

2

1( ) 0 0 0xf x if x
x


  

2

2

, 1 0
, 1
, 1

, 1 1

ie if x
ie if x
ie if x

ie if x or x

 





  

 f is increasing in ( , 1) (1, )   

f(x)<0 if 
2

2
2

1 0, 0x x
x


 

2, 1 0, 0ie if x x  
2, 1 0, 0ie if x x  

, 1 0ie if x x 

  f is decreasing (-1, 1) - {0}

8. Given x y a 
differentiating w.r.to x

1 1 0
2 2

dy
dxx y

 

ydy
dx x


 
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at 
2 2

, , 1
4 4
a a dy

dx
 

  
 

Equation of the tangent at 
2 2

,
4 4
a a 

 
 

 is

2 2

1
4 4
a ay x

 
    

 

ie, 
2

22( )
2
ay x ie x y a   

9. 3 4y x x 

 23 4dy x dx 

  23 4 .01x  

at 2x        23(2) 4 .01dy   

= -.08
10. 1

3( )f x x

64 2x x  

( ) ( )f x x f x y    
1( )y dy f x dx  

1 1
31

3
x x


 

2
31 (6 4 ) ( 2 )

3




= .041667

= .042
1 1

3 3(66) (64) .042  

= 4+.042

= 4.042

11.

r

h
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Perimeter P = 2r+2h+ r

  1 2
2

h P r   

Area, 212
2

A rh r 

=   21 12 (2 )
2 2

r P r r      
 

= 
2Pr 2

2
r    
 

2 2
2

dA P r
dr

    
 

=  4P r  

0
4

dA Pr
dr 

   


2

2 (4 ) 0d A
dr

   

at ,
4

Pr





 Area is maximum

 1 (2 )
2

h P r   

=  1 2
2 4

PP 


    

= 4
P


***
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7.   APPLICATION OF DERIVATIVES

1. Suppose the radius of a circle changes uniformly with respect to time 't' then find 
dA
dt .

Solution: 2A r  , then 2 2dA d d dr( r ) . (r ) .2r.
d t d t d t d t

     

Remarks: Thevolume of a sphere with radius r is 34 r
3
 . Then the uniform change of volume with

respect to time t is given by,

3 3 2 24 4 4( ) .3 4 .
3 3 3

dV d d dr drr r r r
dt dt dt dt dt

         
 

Qn: Find the value of 
dA dvand
dt dt  when 5 8dr and r

dt
 

 2dA d dr4 r 8 r 8 .8x.5 320
dt dt dt

       

3 2 2dv d 4 drr 4 r 4 x8 x5 1280
d t d t 3 d t

         
 

Remarks

The volume of a cone with base radius r, height h, is given by 21V r h
3

 

then 
2 21 1

3 3
dV d r h r
dh dh

     
 

Eg:-i) The radius of a circle increasing at the rate of 0.5 ../sec. What is the rate of increse of
circumference?

Solution: If 'r' be the radius of a circle, then its circumference is given by C=2 r

then  dc d dr2 r 2
d t dt d t

   

=   dr2 x 0.5 given 0.5cm / sec
dt

    


= 

Eg:-ii) The radius of a circular plate is increasing at the rate of 0.4cen/sec. Find the rate of increse of its

area when radius r = 3 cm.

Solution: Let A be the area & r be the radius of a circle at time 't' then 2A r 
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=  2dA d drr 2 r
dt d t d t

   

= 2 x3x.4
drr 3cm , .4cm / sec
d t

    


= 2.4

Eg:iii) Find the rate of change of volume of a ball with respect to its radius r. How fast its volume

changes when radius is 10cm?

Solution: The ball is spherical in shape. Hence its volume is given by 34V r
3

 

then, 2dv 4 .3r
dr 3

   3 3dv d 4 4 dr r
dr d r 3 3 dr

         
   24 .3.r

3
 

= 24 r
at r=10

24 (10)dV
dr

    = 400

Eg:- iv) A balloon which always remains spherical in shape being inflated by pumping in 900cm3 gas

per second. Find the rate at which the radius of the balloon is incrasing when radius 15 cm.

Solution: The volume of the sphere 34V r
3

 

It is given that 2dv 900cm / sec
d t

 , r=15 cm.

 3 3 24 dv 4 d 4 drV r . r .3r .
3 d t 3 d t 3 d t

      

ie,  2 2dv d r d r4 . 900 4 x(15) .
d t dt dt

    

2

dr 900 900
d t 4 x15 900

  
 

d r 1 cm / sec
dt

 


Review problems

A spherical balloon is being inflated so that its volume increases uniformly at the rate of

400cm2/sec. How fast its surface area increasing when the radius is 8cm?
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Rolle's Theorem

Statement: If f is a real values function defined on (a,b) such that,

i) f is continuous on [a,b]    ii) f is differentiable on (a,b), iii) f(a)=f(b)

then there exist c (a,b) such that f'(c) = 0

Working rule

step I: X¶n-cn-¡p¶ ^Mvj³ y=f(x) kqNn-̧ n-¡p¶ CâÀshÂ continuous BtWm F¶v ]cn-

tim-[n-¡p-I.

(^-Mvj³ t]mfn-t\m-an-bÂ BsW-¦nÂ {]kvXpX ̂ Mvj³ continuous BsW¶v Ffp-̧ -

¯nÂ ]d-bmw)

Step II X¶n-cn-¡p¶ interval (a,b) BsW-¦nÂ f(x) Dw f(b) Dw ImWp-I. CXv c­pw Xpey-

amtWm F¶v ]cn-tim-[n-¡p-I.

Continuity, differentiability, f(a) = f(b) F¶nh Ønco-I-cn-¡-s -̧«mÂ ̂ Mvj³ Rolles theorem

satisfy sN¿p¶p F¶v ]d-bmw.

Step III: ^Mvjsâ ^Ìv sUdn-th-äohns\ (A-Xm-bXv f'(x)) bpambn Xpe\w sN¿p-I.

ie, f'(x) = 0

x sâ hne a bv¡pw b bv¡pw CS-bn-em-sW¶v Is­-̄ p-I.

Eg:-i) Verify Rolle's theorem  for f(x) = x2-6x+8 on (2,4)

Solution: Since the given is a polynomial function, it is continuous, also it is differentiable, ie, f'(x) exist.

f(2) = 22-6x2+8 = 4-12+8 = 0

f(4) = 42-6x4+8 = 16-24+8=0

ie, f(2) = f(4)

thus f(x) satisfies Rolle's theorem.

Thus by Rolle's theorem  f '(c) = 0

f '(x)=0  2x-6 = 0  2f(x) x 6x 8  

   x = 6
2  = 3 f '(x) = 2x-6

d c 3 (2, 4)  

Hence verified.
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Review questions:

i) Verify Rolle's theorem for f(x) = x (x-4) on (0,4) (Hint: f(x) = x2-4x)

ii) Verify Rolle's theorem for f(x) = Cosx-1 on (o, 2 )

Mean Value Theorem (M.V.T)

Statement: If f(x) is a real values function such that

i) It is continuous on [a,b] ii) it is differenriable on (a,b) then there exists c (a,b)

such that

1 ( ) ( )( ) f b f af c
b a





Working rule

apI-fnÂ ]dª sÌ]v 1, sÌ]v 2, F¶nh ]cn-tim-[n-¡p-I. {]kvXpX sÌ¸p-IÄ km[q-

I-cn-¡-s¸-Sp-¶-Xm-sW-¦nÂ X¶n-cn-¡p¶ ^Mvj³ Mean value theorem satisfy sN¿p¶p

F¶v ]d-bmw.

sÌ¸v 3 : X¶n-cn-¡p¶ CâÀshÂ (a,b) BsW-¦nÂ f(a) Dw f(b) Dw ImWp-I. XpSÀ¶v f'(x)
Is­-̄ p-I.

By mean value theorem, f'(x) = 
f(b) f(a)

b a



Solve sNbvXv e`n-¡p¶ c bpsS hne (a,b) Â BsW¶v ImWmw.

Eg:-i) Verify mean value theorem for f(x) = 2x-x2 on (0,1)

Solution: Given f(x) = 2x-x2 on (0,1)

Since 2x-x2 is a polynomial, it is continuous function.

f '(x) = 2-2x, which is exist on (0,1), hence it is differentiable.

thus f(x) satisfies the conditions of M.V.T.

f(0) = 2x0-02=0,   f(1) = 2x1-12 = 2-1=1

f '(x)=2-2 x  f '(c)=2-2c : By mean value theorem.

f '(c) =  
f(b) f(a) 1 02 2c 2 2c 1 2 1 2c

b a 1 0
 

        
 

2c 1 c ½ (0,1)    

Hence verified.
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Review Questions

1. Verify mean value theorem for f(x) = x3+x2-6x on (-1,4)

2. Verify mean value theorem for f(x) = x2-4 on (-1,4)

Increasing and Decreasing functions

Let f be a function continuous on (a,b) and differentiable on (a,b) then,

i) f is increasing on (a,b) if  f '(x) 0; x (a, b)  

ii) f is decreasing on (a,b) if f '(x) 0; x (a , b)  

iii) f  is a constant function if f '(x) 0; x (a, b)  

y=f(x) F¶ ̂ Mvj³ ]cn-K-Wn-¡p-I.  (a,b) bnÂ ̂ Mvj³ continous BsW¶v Icp-Xp-I.

^Mvj³ differentiable BsW¶v Icp-Xp-I. {]kvXpX ̂ Mvj\v (a,b) Â increasing BsW¶v

]d-b-W-sa-¦nÂ f'(x)0, ( , )x a b 

f'(x) 0 , ( , )x a b   BsW-¦nÂ ^Mvj³ decreasing BsW¶v ]d-bmw.

f'(x)=0 BbmÂ {]kvXpX ̂ Mvjs\ constant function F¶v ]d-bp-¶p.

Critical value

A value x = x0 is a critical value for the funtion f(x), if either f '(x0)=0 or f '(x0) does not exist.

Eg:-i) Prove that the function f(x)=x3-3x2+3x-100 is increasing on  .

Solution: f (x) = x3-3x2+3x -100

f '(x) = 3x2-6x+3 = 3 (x2-2x+1)

= 3(x-1)2

o  on  2(x 1) is a perfect square hence it is always 0   

Thus f is increasing on  .

Review Question

Prove that f(x) = 4x3 - 6x2 + 3x+12 is increasing .

Note:  If f '(x)0, f is an increasing function. If f '(x)>0, f is strictly increasing. Similarly f '(x)0,

implies f(x) is decreasing function & f '(x)<0 f is strictly decreasing.
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Eg:- Prove that f(x) = Sinx is

i) Strictly increasing on  0, 2


ii) Strictly decreasing on  ,2
 

iii) Neither increasing or decreasing on  0,

Solution:
f(x) = Sinx
f'(x) = Cosx

i) For x  0, 2
 , Cosine function is always +ve (in the first quadrent Cosine

function is +Ve)

ie, f '(x)>0, for all x  0, 2
  thus  f(x)=Sinx is strictly increasing.

ii) x  ,2
  , ie, x belongs to the second quadrent, Cosine function is negative on

second quadrent, hence Cosx is negative in  ,2
 

ie,  '( ) 0 , ( )2f x for all x f x Sinx      is strictly decreasing.

iii) From (i) & (ii) it follows that f'(x) is neither increasing or decreasing on  0, .

Eg:-ii) Find the intervals on which the function f(x) = x4-2x2  is

a) Strictly increasing b)   Strictly decreasing

Solution: f(x) = x4-2x2,    f'(x) = 4x3-4x

Consider f'(x)=0  4x3-4x=0  4x(x2-1) = 0

 x=0 or x2-1=0    x=0  or x2=1     x= 1
Thus the critical points are x=-1, 0,1
Use this values of x to divide the domain R  into disjoint open intervals.

The intervals are

       , 1 , 1, 0 , 0,1 & 1,   

Case (i) x  , 1  , ie, 31, '( ) 4 4 0x f x x x      

f(x)  is strictly decreasing on  , 1 

)( )( )(
-1 0 1

 
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Case (ii) x (-1,0) ie, -1<x<0.
f '(x) = 4x3-4x>0  f(x) is strictly increasing on (-1,0)

Case (iii) x(0,1) ie, 0<x<1
f ' (x) = 4x3-4x<0 f(x) is strictly decreasing on (0,1)

Case(iv) x 1,  ie, 1<x<

f ' (x) = 4x3-4x>0  f(x) is strictly increasing on  1,

Review Questions

i) Find the intervals on which f(x)=2x3-24x+15 is increasing or decreasing

ii) Find the intervals on which f(x) 
3

4 x4x
3

   increasing.

Maximum & Minimum

Working rule for second derivative test

sÌ¸v 1 : BZy-ambn f'(x) Dw f''(x) Dw ImWp-I.

sÌ¸v 2 : f'(x)=0 F¶ ka-hmIyw solve sN¿p-I.

sÌ¸v 3 : x sâ hne 'a' BsW-¦nÂ f''(a) ImWp-I. f''(a)<0 BsW-¦nÂ x=a F¶ hne f sâ local

maxima Bbn Adn-b-s -̧Sp-¶p. f(a) BWv ̂ Mvjsâ maximum value./

f''(a)>0 BsW-¦nÂ x=0 F¶ hne f sâ local minima Bbn Adn-b-s¸-Sp-¶p. {]kvXpX

Ah-k-c-̄ nÂ f(a) BWv ^Mvjsâ an\naw value.

Working rule for finding extrema using second derivative test.

Step: i) Find f '(x) and f ''(x).

ii) Solve f '(x)=0 for critical values.

iii) if  x=a be a critical value, then f ''(x)<0, hence f has a local maximum at x=a & f(a) be the

local maximum value.

If f '' (a)>0 f has a local minimum & f(a) is the local minimum value.

Qn: Find the maximum and  minimum of the function f(x) = x3 - 6x2 + 9x+15

Solution

f '(x) = 3x2-12x+9

f ''(x) = 
d

dx  (f '(x)) =  2d 3x 12x 9 6x 12
dx

   
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Now consider f '(x) = 0
23x 12x 9 0   

 23 x 4x 3 0    3(x 1)(x 3) 0 x 1 0          or x 3 0 

x 1     or   x=3

f ''(1) = 6x1-12=-6<0 ( f ''(x) 6x 12) 
ie, When x=1, f ''(x)<0  f has local maximum at x=1.
Thus the maximum value is f (1) = 13-(6x1)2 + (9x1)+15 = 19
f ''(3) = 6x3-12 = 6>0
ie, when x=3, f''(x)>0  f has local minumum at  x=3.
Thus the minimum value is f(3) = 33-6x32+9x3+15 =15

Ex:-i) Find the local maximum or local minimum of the function f(x) = Sin4x+Cos4 x; 0<x< 2


(Excercise to the reader)

Eg:- Prove that of all rectangles with a given perimeter, the square has the greatest area.

Solution: Let x be the length, y be the breadth of the rectangle with given perimeter P.

Thus P = 2(x+y) = 2x+2y   y = 
p x
2


Let A be the area of the rectangle.

A = xy

2

2 2
p pA x x x x      

 
p( y x)
2

 

We have to maximum ise area A.

for 
pdA 2x

dx 2
 

2

2

d A 2
dx

 

Consider 
p p pdA 0 2x 0 2x x

dx 2 2 4
       

at ,
4
Px   

2

2 2 0d A
dr

    Hence by second derivative test A is maximum when x= 4
P

When x= 4
P , y= 

p p p
2 4 4
 

ie, Area is maximum when 
p px & y x y
4 4

       the rectangle is a square.
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Eg:- Show that of all rectangles with given area, the square has the least perimeter.

Solution: Let x & y be the length & breadth of the given rectangle then area A=xy y=
A
x

Let P be the perimeter of the rectangle, then

P= 2(x+y) = 
A2x 2
x

  
Ay
x

  
 


we have to minimise the perimeter.

for 2

dp 2A2
dx x

   d 2A d 12x 2 2A xdx x dx
        


 
2

2
2 2

d p d 2A d2A x
d x d x x d x

    
 

= -2A .(-2) x-3 = 4A x-3

3

4A 0
x

 

when 2
2 2

dp 2A 2A0 2 0 2 x A x A
dx x x

         

 
2

2

d p
dx

         =  3
4A

A

4A
A A

  = 
4 0
A
   = ie, 

2

2

d p
0

dx
  at  x A

Hence by second derivative test, perimeter is minimum at x = A

When x = A , 
Ay
A

    
Ay y A
x

    
 


thus x=y= A   the rectangle is a square,

Eg:- Find two positive numbers whose sum is 24 & their product is maximum.
Solution: Let the numbers are x and y

Given that x+y = 24   y=24-x
Let the product p = xy = x(24-x) = 24x-x2

we  have to maximise p.

For
2

2

dp d p
0 24 2x, 2

dx dx
   

x A
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dp 0 24 2x 0 x 12
dx

     

2

at  x=122

d p / 12, 0
d x

      Hence by second derivative test P is maximum at x=12.

When x=12, y=24-x=24-12=12

Thus the numbers are 12 and 12.

Eg:- Show that the semivertical angle of the cone of maximum volume and of the given slant height is
1tan 2

Solution: The volume of a cone with height & base radium r is given by 21V r h
3

 

Let ' ' be the semi vertical angle,

' '  be the slant height, h be the height,

r be the base radius of the cone. From figure
rSin r Sin    
   &  

hCos h Cos    


Volume 21
3

V r h       21
3

Sin Cos     

   3 21V Sin Cos
3

We have to maximise the volume V.

For

 3 2dv 1 l (Sin Sin Cos .2Sin Cos
d 3

          
 (using product rule)

3 3 21 [Sin 2Cos .Sin ]
3

    

 3 2dv 0 Sin 2Sin Cos 0
d

      


31 0
3

   
 


 2 2Sin Sin 2Cos 0      

Sin 0     or 2 2Sin 2Cos 0    

 2 2Sin 2Cos 0 Sin 0 0, not  possible        

2 2 2 1Sin 2Cos tan 2 tan 2 tan 2         
2

2
d v
d

 is negative for 1tan 2 

Hence the result.

h

A r B

l

C


2 2

2

2

2

Sin 2Cos

Sin 2
Cos
tan 2

  


 


  

***
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8.   INTEGRATION

Antiderivative and indefenite integration
F '( x ) = f( x ) F¦nÂ F( x )s\  f( x ) sâ Antiderivative F¶p hnfn-¡p¶p.

F¶mÂ F'( x ) = f( x ) BIp¶ Htc-sbmcp F( x ) AÃ DÅ-Xv. FÃm antiderivatives sâbpw

skäns\  ( )f x dx sIm­p kqNn-̧ n-¡p-¶p. f s\ integrand F¶pw x s\ variable of integration

F¶pw hnfn-¡p-¶p.

f(x) sâ antiderivative BWv f( x ) F¦nÂ

( ) ( ) ,f x dx F x c   Csb Integration sâ constant F¶p-hn-fn-¡p-¶p.

Standard Results

1.
1

1

n
n xx d x C

n


 


2. dx x C 
3. Cosxdx Sinx C 
4. Sinxdx Cosx C  
5. 2 tanSec xdx x C 
6.    2secCo dx Cotx C

7. tan sec  Secx xdx x C

8.   sec cot secCo x xdx Co x C

9.
1

2
( )

1
dx Sin x C

x
 


= -Cos-1(x)+C

10.
1

2

1

1 tan ( )
1

( )

dx x C
x

Cot x C





 


  



11. 2 1
d x

x 
      dx = Sec-1(x) +C

= Cosec-1(x)+C

12. x xe dx e C 
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13.
1 log  dx x C
x

Integration \v klm-bn-¡p¶ Nne \nb-a-§Ä

1. ( ( ) ( )) ( ) ( )    f x g x dx f x dx g x dx

2. ( ( ) ( )) ( ) ( )    f x g x dx f x dx g x dx

3. ( ) ( ) kf x dx k f x dx

HmÀ½n-̈ p-sh-t¡­ Nne dnkÄ«p-IÄ

1. 1dx x c 

2.
2

2
 

xxdx c

3.
3

2

3
 

xx dx C

4.
3

2
2
3

  xdx x C

5.
1 2  dx x C
x

6.
1 log  dx x C
x

7. 2

1 1dx C
x x


 

Integration \v klm-bn-¡p¶ trigonometric identities

1. 2 1 2
2

Cos xCos x 


2. 2 1 2
2

Cos xSin x 


3. 3 3 3
4

Cos x CosxCos x 


4. 3 3sin sin 3
4

x xSin x 


5.  1 ( ) (
2

SinxCosy Sin x y Sin x y   

6.  1 ( ) ( )
2

CosxCosy Cos x y Cos x y   
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Integration \v klm-bn-¡p¶ Nne formula IÄ

1. 2 2

1 log
2

dx x a C
x a a x a


 

 

2. 2 2

1 log
2

dx a x C
a x a a x


 

 

3.
1

2 2

1 tandx x C
x a a a

      

4.
2 2

2 2
logdx x x a C

x a
   



5.
1

2 2

dx xSin C
aa x

    
 

6.
2 2

2 2
logdx x x a C

x a
   



]cn-io-e\w I - Integrate the following with respect to x.
1) 2x 2)  x2 3) x2-2x+1 4)   6x

5) xy 6) x-4 7) 
3
2

x 8)  
2

31
3

x


II - Find the following integrals

9)
5

23
2

x dx


 10) 3Sinx dx 11) 
2

2
x dx

x
 

 
 
 12) 3( )x x dx

13) 2

x x x dx
x

 
 
 
 14)  3

4 x dx
x

 
 
 


15)  2 51 3x x dx  16) 
2

2

1 1
3

x dx
x

   
 

Substitution D]-tbm-Kn-̈ pÅ Integration

( )f x dx Nne Ah-k-c-§-fnÂ Ffp-̧ -̄ nÂ I­p-]n-Sn-¡m³ DNn-X-amb substitution

klm-bn-¡pw.

{i²n-t¡­ Imcy-§Ä

Integrand Â Hcp factor sâ derivative asämcp factor Bbn Ds­-¦nÂ BZys¯

factor s\ substitute sN¿p-I.
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Eg :-(1) 2

2
1

x dx
x

1+x2 sâ derivative 2x integrand sâ Hcp LS-I-am-b-Xn-\mÂ 1+x2=u F¶v substitute

sN¿p-I.

F¦nÂ 2xdx=du F¶v In«pw.

2

2 log
1

   
 

x dudx u C
x u

2log 1 x C  

Eg:- (2)
 log


x
dx

x

log x sâ derivative 
1
x  Hcp LS-I-am-b-Xn-\mÂ log x = u F¶v substitute sN¿p-I.

At¸mÄ 
1

dx du
x

log 1logx dx x dx
x x

  
2

2
  

uudu C

 2log
2

x
C 

Eg:-(3)
 1

2

tan
1

x
dx

x





tan-1x sâ derivative 2

1
1 x

 Hcp LS-I-am-b-Xn-\mÂ tan-1(x)=u F¶v substitute sN¿p-I.

At¸mÄ 2

1
1




dx du
x  F¶v In«pw.

1
1

2 2
tan ( ) 1tan ( )
1 1

x dx x dx
x x


 

  
2

2
 

uudu C

 1 2tan ( )
2



 
x

C
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Partial Fraction D]-tbm-Kn¨pÅ Integration
Rational function integrate sN¿m³ partial fraction B¡n-b-Xn\p tij-amWv Integrate

sNt¿-­-Xv.

GsXmcp rational function \pw Ffp-̧ -̄ nÂ integrate sN¿m-\m-hp¶ rational function sâ

XpI-bmbn Fgp-Xp-¶-Xn-s\-bmWv Partial Fraction coXn F¶p ]d-bp-¶-Xv.

C\n ]d-bp¶ coXn-bn-emWv rational function, partial fraction Bbn hn -̀Pn-¡p-¶-Xv.

1.   
px q A B

x a x b x a x b


 
   

2.    2 2

px q A B
x ax a x a


 

 

3.     

2px qx r A B C
x a x b x c x a x b x c

 
  

     

4.   
2

22

px qx r A Bx C
x a x bx Cx a x bx C

  
 

    

DZm:þ   1 2
x dx

x x 

  1 2 1 2
x A B

x x x x
 

     F¶p Icp-Xn-bmÂ

  
   
  

2 1
1 2 1 2

A x B xx
x x x x

  


    F¶p In«pw.

tOZ-§Ä kam-\-am-b-Xn-\mÂ Awi-§Ä Xpey-am-h-Ww.

   2 1 .............(1)A x B x x    

Eqn (1) Â x=1 sImSp-̄ mÂ

A(1-2) + B(0) = 1

A (-1) = 1

-A = 1

A = -1

Eqn (1) Â x=2 sImSp-̄ mÂ

A(0)+B (2-1) = 2 B=2

  
1 2

1 2 1 2
x

x x x x


  
   

  
1 2

1 2 1 2
x dx dx

x x x x
         
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1 2
1 2

dx dx
x x


 
  

1 11 2
1 2

dx dx
x x


  
  

1log 1 2 log 2x x C     

 21log 1 log 2x x C     

   2log 2 log 1x x C    

 
 

22
log

1
x

C
x


 


]cn-io-e\w

Integrate the following with respect to x.

1. (a)   
5

4 3
x

x x


  (b)   
4

2 3 4 5x x   (c)   
1

1 2x x 

2. (a)  23
x

x  (b)  2
2

1
x

x  (c)  2
2
3x 

3. (a)    
1

1 2 3x x x      (b)     
2

1 2 3
x

x x x     (c)      
2

5 4 7x x x  

4. (a)   2

1
1 1x x x          (b)   2

2
2 7 1

x
x x x       (c)     2

2
3 7 3x x x  

Integration by parts
Integrand c­p functions sâ product BsW-¦nÂ integration by parts D]-tbm-Kn¨v inte-

grate sN¿mw.

 ( ) ( ) ( ) ( ) ( ). ( )df x g x dx f x g x dx f x g x dx dx
dx
        

{i²n-t¡-­Xv

X¶n-cn-¡p¶ product sâ H¶m-as¯ LSIw differentiate sN¿m³ Ign-bp-¶Xpw c­m-

as¯ LSIw integrate sN¿m³ Ign-bp-¶Xpw Bbn-cn-¡-Ww. Integrate sNbvXp Ign-bp-

t¼mÄ he-Xp-̀ m-K-̄ pÅ integral Ipd-̈ p-IqSn {]bm-k-ap-Å-Xm-sW-¦nÂ H¶m-a-s¯bpw

c­m-a-s¯bpw function ]c-kv]cw amäp-I.

I LATE Rule
Integration by parts D]tbmKn¨v integrate sN¿pt¼mÄ  C\n ]dbp¶ {Ia¯nÂ
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H¶mas¯ function sXcsªSp¡mhp¶XmWv.

1. Inverse trigonometric function    2. Logarithemic function    3. Algebraic function   4. Trigono-

metric function    5. Exponential function ie, I, L, A, T, E.
sin sin ( ). sin    

    
dx xdx x xdx x xdx dx

dx
   cos 1. cosx x x dx   

cosx x Cosdx   
cosx x Sinx C   

]cn-io-e\w

Find the following integrals

1. sinx xdx
2. 2 cosx xdx
3. log .x x dx
4. 1tan ( )x dx
5. 2secx x xdx
6. 3 xx e d x
7.  2 5 xx x e dx
8. 5 xx e dx
Definite Integral

( )
b

a

f x dx  sâ Pyman-Xob Bibw

y=f(x) sâ {Km^v ]cn-K-Wn-¡p-I.

x=a bpw x=b bpw c­v ew_-§-fm-Wv.

( )
b

a

f x dx  F¶mÂ y=f(x) F¶ curve, x axis, x=a, x=b F¶o ew_-§Ä Ch \nÀ®-bn-

¡p¶ kwhr-X-cq-]-̄ nsâ hnkvXoÀ®-am-Wv.

a b

y=f (x)

( )
b

a

f x dx

NXp-c-§-fpsS XpI-bpsS limit Bbn definite integral ImWp-¶-hn-[w.
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 
h 0

( ) limit  ( ) ( ) .......... ( ( ) )


      
b

a

f x dx h f a f a h f a n a h

b ah
n


 F¶Xv Hmtcm NXp-c-̄ n-sâbpw hoXn-bmWv n- NXp-c-§-fpsS F®w.

klm-b-Icamb Nne XpI-IÄ

1) 1+2+3+...........................+n    =  
( 1)

2
n n 

2) 12+22+32+......................+n2 = 
( 1)(2 1)

6
n n n 

3) 13+23+......................... +n3 = 
2( 1)

2
n n  
  

n XhW n XhW

= h 0

1 ( 1)limit  
2

   
n nn h

n

 = h 0

1 ( 1)limit  
2

   
nn

n

 = h 0

1 2 ( 1)limit
2

  
  

n n
n

= h 0 h 0

1 3 1 1 1limit lim it 3
2 2 

          
n

n n

=    
h 0

1 1 3lim it 3 3 0
2 2 2

   h

(nh=1)

DZm:- 

2

1

xdx  ImWp-I.

ChnsS a=1, b=2, f(x) = x Dw BWv.

2 1 1b ah
n n n
 

  

1 1( ) ( ) f a f

1 1( ) ( )    f a h f h h

   ( ( 1) 1 ( 1) 1 ( 1)        f a n h f n h n h

 


      
2

1
h 0

limit  ( ) ( ) ....... ( ( 1)xdx h f a f x h f a n h

   
h 0

1lim it (1 1 (1 2 ) 1 ( 1) )


     h h n h
n

 
h 0

1lim it (1 1 .........1) 2 ......( 1)


     h h n h
n

=  
h 0

1limit  (1 2 ...... ( 1)


    n h n
n
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UNIT TESTScore : 20 Time : 40 minutes

I. Choose the correct answer (1 score)

1.
1

( log )
x dx

x x x





a)
1
log

c
x x


    b) log( log )x x c     c)  log logx x c    d) none of these

2.
1 2
1 2

Cos x dx
Cos x





 ) tan ) tan ) tan ) cota x x c b x c c x x c d x x c        

3.
1

1

2
2

x
dx

x





a)  1       b) 2     c) 0    d)  -1

4.
0

a x dx
x a x


 

a)  1        b) 2
a

      c) 2a       d) 0

5. If ( ) ( ),f x f a x   then

0

( )
a

xf x 

0 0 0 0

) ( ) ) ( ) ) ( ) ) ( )
2 2

a a a aa aa f x dx b f a x dx c f x dx d f x dx
   

II Answer the following

6. Evaluate log (log 1)x x x dx (Score 2)

7. Evaluate 2

1
2 3

x dx
x x


  (Score 2)

8. Evaluate 3xx e dx (Score 3)

9. Evaluate 2

1
2 1

dx
x x  (Score 3)

10. Evaluate   2

3 1
2 ( 2)

x dx
x x


  (Score 3)

11. Evaluate 
2

2

1

( 1)x dx  as the limit of a sum (Score 3)
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Answers and hints
1. (c) Put logx x x 

2. 2 2 21 2 2 1 2Cos x Sin x and Cos x Cos x   

3. If 1 1, 2 1 2 3x x       
ie, 1 2 3x  
ie, 2 0x 

2 2 1 1x x in x      

4. (b)
0 0

( ) ( )
a a

f x dx f a x dx  

5. (c)
0

( ) ..............(1)
a

I xf x dx 

then 
0

( ) ( )
a

I a x f a x dx  

= 
0

( ) ( ) .....(2) ( ) ( )
a

a x f x dx as f a x f x   

0

(1) (2) 2 ( )
a

I af x dx   

0

( )
2

aaI f x dx  

6. log (log 1) log ( log )x x x dx x x x x dx        logPut x x x x 

 2log
1

2
x x x

 

7. 2 2

1 1 2 2
2 3 2 2 3

x xdx dx
x x x x

 


    

21 log 2 3
2

x x C   

8.
3 3 3( )x x xdx e dx x e dx x e dx dx

dx
    
    

=  
3

3

3

x
xex e dx dx  

=
3 3

3 3

x xe ex dx 
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3 31
3 3 3

x xe ex C  

= 
3 1

3 9
x xe C   
 

9. 2

1
2 1

d x
x x 

2

1 1
12

2 2

dx
xx


   
 



2

1 1
1 1 12 2

4 16 2 16

dx
xx


     
 



2
1 1
2 1 9

4 16
x


   
 



22

1 1
2 1 3

4 4
x


       
   



1 3
1 1 4 4log3 1 32 2

4 4 4

x
C

x

 
 

 x

= 
1 2( 1)og
3 2 1

xl C
x





10. Let     2 2

3 1
( 2) ( 2) ( 2)2 2

x A B C
x x xx x


  

   

Then 2( 2)( 2) ( 2) ( 2) 3 1..................(1)A x x B x C x x       

Put 2x  , we get 
7(2 2) 7
4

B B   

Put 2x   , we get

2 5( 4) 5
16

C C 
    

Compare the coeff of x2 we get
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0
5
16

A C

A C

 

  

         2 2
3 1 5 1 7 1 5 1

16 2 4 16 22 2 2
x dx dx dx dx

x xx x x
 

   
      

=   125 7 5log 2 log 2
16 4 1 16

x
x x C

 
    



5 ( 2) 7 1log
16 ( 2 4 ( 2)

x C
x x


  
 

11. 2( ) ( 1)f x x 
a=1,      b=2

2 1 1 1b an nh
h h h
 

    

 
0

( ) limit ( ) ( ) ......... ( ( 1)
b

h
a

f x dx f a f a h f a n h


     

 
2

h 0
1

( ) limit (1) (1 ) ....... (1 ( 1)f x dx h f f h f n h


       

 2 2 2

h 0
limit 1 1 (1 ) 1 ....... 1 ( 1) 1h h n h


           

 2 2 2

h 0
limit 1 (1 ) ....... 1 ( 1)h h n h n


         

 22 2 2 2 2

h 0
limit 1 1 ..... 1 2 2(2 ) 2(3 ) ...2( 1) (2 ) .... ( 1)h h h h n h h h n h n


                

 22 2 2

h 0
limit 2 (1 2 .... ( 1) 1 2 .... ( 1h n h n h n n



              

      2

h 0

2 1 1 2 1
limit

2 6
h n n h n n n

h


   
  

 

= 

 2 2

h 0

11 2 1
2 ( 1)limit

2 6

h n n
nh n nh



        
 
  
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 
h 0

11 2
limit ( 1)

6

h n
nh n



         
 
  

h 0

1 (1 )(2 )limit 1
6

n h hh n
n

          

 
h 0

(1 )(2 )limit 1
6

nh h hnh h


      

1.2 1 41 1
6 3 3

    

***
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11.    DIFFERENTIAL  EQUATIONS

Derivatives DÅ ka-hm-Iy-§-sf-bmWv differential equation F¶v hnfn-¡p-¶-Xv.

Hcp Un -̂d³jyÂ CtIz-jsâ HmÀUÀ

Hcp Un^-d³jyÂ CtIz-j-\nÂ Ht¶m AXn-e-[n-Itam HmÀU-dpÅ derivative D­mImw.

FÃm derivative sâbpw HmÀUÀ ]cn-K-Wn-¡p-I. Gähpw DbÀ¶ HmÀU-dpÅ derivative sâ

HmÀU-dm-bn-cn¡pw differential equation sâ HmÀUÀ.

DZm:---þ 2

33 2

3 2_ 0   
   

   

d y d yx
dx dx

2

2

d y
dx

 sâ HmÀUÀ 2

3

3

d y
dx

 sâ HmÀUÀ 3

  differential equation sâ HmUÀUÀ 3.

Un{Kn(Ir-Xn)

Gähpw DbÀ¶ HmÀU-dpÅ derivative sâ IrXn-bmWv differential equation sâ

Un{Kn (Ir-Xn)

DZm:þ

23 2

3 22 0
  

  
 

d y d y dy xy
dx dx dx

Gähpw DbÀ¶ HmÀU-dpÅ derivative 
3

3

d y
dx

 BWv.

3

3
d y
dx

 sâ IrXn 1 BWv. AXpsIm­v d.e. AXpsIm­v d.e. IrXn 1 BWv.

]cn-io-e\w

Un{Knbpw HmÀUdpw ImWp-I.

1.
4 33 2

3 2 0d y d y dy y
dx dx dx

           

2.
3 42

5
2 0d y dy y

dx dx
          

3.
2

2
2

32 0  
d y dyx y
dx dx
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4. y1+y = ex

5. y11+(y1)+2y = 0

6. y11+2y1+Siny = 0

Formation of differential equations
X¶ncn-¡p¶ family of curves sâ order ]cn-K-Wn-¡p-I. AXnse parameter s\ eliminate

sNbvXp sIm­v parameter sâ F®w order Bbn hcp¶ coXn-bnÂ differential equations

D­m-¡p-I.

DZm:þ y=mx F¶ family of straight line sâ differential equation D­m-¡p-I.

Sol: X¶n-cn-¡p¶ equation Â m BWv parameter. 'm' eliminate sN¿m³ X¶n-cn-¡p¶ equation

differentiate sN¿p-I. At¸mÄ 
dy m
dx

  F¶p In«p-¶p.

m \p]-Icw 
dy
dx  sImSp-̄ mÂ y = 

dy
dx x F¶p-In-«p-¶p.

At¸mÄ 0dyx y
dx

   F¶p-In-«p-¶p.

In«nb equation BWv y=mx s\ {]Xn-\n-[m\w sN¿p¶ differential equation

2.
22

2 2 1yx
a b

   F¶ family sb {]Xn-\n-[m\w sN¿p¶ differential equation ImWp-I.

a, b Ch-bmWv parameter IÄ.

a, b Ch eliminate sNbvXv second order differential equation D­m-¡p-I.

X¶n-cn-¡p¶ equation 
22

2 2 1yx
a b

   .....................(1)

Differentiate w.r. to x we get

2 2

2 1 2 0dyx y
a b dx

 

i.e, 2 2 2 0y dyx
a b dx

 

i.e, 2 2

y dy x
b dx a




i.e, 
2

2

y dy b
x dx a




differentiate w.r. to x we get

. 0y dy dy yd d
x dx dx dx dx x

      
  
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i.e, 

2

2 2 0

dyx yy d y dy dx
x dx dx x

  
  

 
 

Multiply by x2 we get
2

2
2 0y d y dy dyx x y

x dx dx dx
        

   
22

2 0d y dy dyxy x y
dx dx dx

    
 

]cn-io-e\w

Formulate the differential equation.

1. 1yx
a b
 

2.  2 2 2y a b x 

3. 2 2 2x y r 

4. 2 4y ax

Differential Equation sâ solution
1. Variables separable form

f(x)dx = g(y)dy F¶ cq]-̄ n-epÅ differential equation solve sN¿m³

( ) ( )f x dx g y dy C   Fs¶-gp-Xn-bmÂ aXn.

eg:- Find the general solution of

dy y
dx x



Solution

X¶n-cn-¡p¶ equation 
dy y
dx x

  {Iao-I-cn¨v Fgp-Xn-bmÂ xdy=ydx

i.e., 
1 1dy dx
y x

  (CXv variables Xcw-Xn-cn-¡-s¸« \ne-bn-em-Wv)

Integrate sNbvXmÂ solution In«pw.

F¦nÂ

1 1dy dx
y x

 
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ie, log logy x C 

ie, log logy x C 

ie, log y C
x

   
 

ie, 
cy e

x
   
 

ie, 1
y C
x
  Where C1=ec

]cn-io-e\w

Solve

1.
2

2

1
1

dy y
dx x






2.  22dy x y x
dx

 

3. ( 1) ( 1)dyy y x
dx

  

4. 2 1( , 0)dyxy x y
dx

 

5. 2dy x y
dx

 (y >0)

6. x ydy e
dx



General solution and particular solution
Arbitrary constant C DÅ solution BWv general solution. X¶n-cn-¡p¶ condition D]-tbm-

Kn v̈ arbitrary constant eliminate sNbvXmÂ In«p¶ solution BWv particular solution.

Initial Value Problem

Variables sâ initial values X¶n-«p-s­-¦nÂ differential equation sb initial value probelm F¶mWv

hnfn-¡p-I. Initial value D]-tbm-Kn v̈ general solution \nse arbitrary constant eliminate sNbvXv

particular solution ImWp-I-bmWv th­-Xv.

DZm:---:-þ Find the particular solution of 24dy xy
dx

 

given y = 1, when x=0
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Solution

X¶n-cn-¡p¶ equation 24dy xy
dx

 

ie, 2 4dy xdx
y

   (CXv variables Xcw-Xn-cn-¡-s¸« \ne-bn-em-Wv)

Integrate sNbvXmÂ solution In«pw.

2

1 4dy xdx
y

  

ie, 
21 4

2
x C

y
 

 

ie, 
21 2x C

y
 

2

1
2

y
x C




 x=0 F¦nÂ y=1 F¶v X¶ncn¡p¶p.

11
2(0) C

 


ie, 
11
C




     C=-1

2

1
2 1

y
x




]cn-io-e\w

1. Solve x dy =  (2x2+1)dx,  given When x=1, y=1

2. Solve 2

2dy x
dx y

 , given When x=-2, y=3

3. Solve 2( 1) 1dyx x
dx

   : When x=2, y=0.

4. Solve tandy y x
dx

   : When x=0, y=1.

5. Solve 
dy
dx =ex Sinx : When x=0, y=0.

6. Solve xy
dy
dx  = (x+2)(y+2),  given When x=1, y=-1.
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UNIT TEST
Score : 20 Time : 40 minutes

I. Choose the correct answer (Score 1 each)
1. The order of the differential equations of all non vertical lines in a plane is

a) 1 b) 2 c) 3 d) 0
2. The differential equations of the family of all circles with centre at origin is

a) 1 0x y  b) 1 0x y y  c) 1 0x y y  d) none of these)
3. The degree of the differential equation

5
2 3 2

21 dy d y is
dx dx

        
a) 1 b) 3 c) 5 d) 4

4. An integrating factor of the differential equation  1 0dy yy n is
dx x


  

a) x

x
e b)

xe
x

c) xxe d) xe

5. The general solution of the differential equation 
3

3 0d y is
dx



a) 3 2ax bx cx    b) 2ax bx c  c) 3 2x x c  d) none of these
II Answer the following

6. Find the area of the region bounded by the curve 3 4y x   above the x axis  and
between x=0 and x=4. (Score 2)

7. Using integration, find the area of the triangle whose vertices are (-1,6), (1,2) and (5,4)
(Score 5)

8. Form the differential equation of the following equation mx mxy e Be   where A and B
are arbitrary constants. (Score 2)

9. Solve 
1

2x+2y+1
dy x y
dx

 
 (Score 3)

10. Solve xdy y e
dx x

  (Score 3)

Answer and hints
1. (b) Equation of all non vertical lines in a plane is  y mx c  . m and c are parameters.

Since there are two parameters the order of the differential equation is 2.
2. (b) Equation of family of all angles centre at the origin is 2 2 2x y r 



126

3. (b) Given differential equation is
5

2 3 2

21 dy d y
dx dx

        

cubing we get 

5 32 2

21 dy d y
dx dx

               
 degree = 3

4. (b) Given equation can be rewritten as

1 11dy y
dx x x

    
 

Integrating factor is 
11

log
d

x xxe x e
     

= log.x xe e    1.xe x
xe

x


5. (b) Given differential equation is
3

3 0d y
dx



Integrating w.r.to x we get
3

3

d y A
dx



Integrating again we get
dy Ax B
dx

 

Integrating again we get

 
2

2
Axy Bx C  

2

2
A x Bx C    

 
2ax bx C  

6. Requared area 
4

0

y dx 

4

0

3 4x dx 

 
43

2

0

3 4
33 2

x  
x
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=   33
222 3 4 4 (4)

9
 x

=    
3 3

2 22 2 11216 4 56
9 9 9

  

7.

1
2
3
4

5
6

1 2 3 4 5

(-1,6) (5,4)A

B

C

D E

(1,2)

Area of the triangle = Area under AC - (Area under AB+area under BC)

Equation of AC is 
4 66 ( 1)
5 1

y x 



  



 26 1
6

y x
  

2 17
6 3

y x
 

Equation of AB is  2 66 1
1 1

y x


  



y-6= 
4 ( 1)

2
x


2 4y x  

Equation of BC is 
4 22 ( 1)
5 1

y x
  



              
3

2 2
xy  

Area under AC = 

55 2

1 1

1 17 1 17
3 3 3 2 3

xx dx x
 

       
  



Area under AB is  
11 2

1 1

2 4 2 4 8
2
xx dx x

 

  
       

  


Area under BC is 
5

1

3
2 2
x dx  

 
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52

1

1 3 12
2 2 2

x x
 

   
 

  Required area = 30-(8+12) = 10 square unit
8. Given differential equation is mx mxy Ae Be 

Differentiating we get
1 ( )mx mxy Ae m B e m  

Differentiating again we get 1 2 2. mxy Amx m Be m 
= m2y

1 2 0y m y  

9. Put  x y J 

Then 1
dy d
dx dx

J 

1dy d
dx dx

J  

11
2 1

d
dx
J J

J
  


1 1 2 11
2 1 2 1

d
dx
J J J J

J J
      
 

 
3 2
2 1
J
J



2 1 ..............(1)
3 2

d dxJ J
J
 


By division we get 
2 1 2 1
3 2 3 3(3 2)

J
J J
  
 

  equation (1) becomes 
2 1 1
3 3 3 2

d dxJ
J

     

On integrating we get 
2 1 1
3 3 3 2

d dxJ
J

      
log 3 22 1

3 3 3
x A

J
J


   

6 log 3 2 9x CJ J    

6( ) log 3( ) 2 9x y x y x C      

6 3 log 3( ) 2y x x y C    
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10. Given equation of the form

( ) ( )dy P x y Q x
dx

 

Where 
1( ) ( ) xP x Q x e
x

 

Integrating factor is 
1

logdx xxe e x  
Multiply the given equation by integrating factor we get

  .xd yx e x
dx



xxy e x dx 

( )x xdx e dx x e dx dx
dx

        

 
1

x
xex e dx dx


 

 

1

x
x x xexe dx x e e dx


     

 

ie, 
1

x
x exy x e C


  


ie, x xxy xe e C   

***
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as 1 2 3a a i a j a k  
   

If P(x, y, z) is a point in the space then OP


 is called position vector of P and

  
   
OP xi y j zk

Magnitude (modulus) of a vector ai b j ck 
  

 is 2 2 2a b c  .

12.   VECTOR ALGEBRA

Vectors
Quantities having both magnitude and direction.

Eg: Velocity, accelaration force, weight, momentum etc.

Types of Vector
Zero vector - vector having zero magnitude.

Unit vector - vector having magnitude 1.

, ,i j k
  

 are unit vectors along OX, OY, OZ axis,

Co-initial vectors - Two or more vectors having same initial point.

here a


, b


, c


, d


, e


, f


 are collinear vectors.

Equal vectors - two vectors having same magnitude and direction are called equal vectors.

Negative of a vector - If a


 is a vector then - a


 is called negative of vector a


. Which has same

magnitude and opposite direction as that of a


.

Components of vectors-
Consider the rectangular co-ordinate system in

3 dimensional geometry.

O is the origin and 0X, OY, OZ are +ve X axis,

+ve Y axis and +ve z axis.

Let i


, j


, k


 be the unit vectors along OX OY
and OZ axis respectively. Any vector in space
can be expressed in terms of these unit vectors

X

Y

Z

O i


j


k


a
b



c


a


b


c


d
 e


f


a


a


, &a b c
  

 are co-initial vectors.
Collinear vectors - The vectors having same or parallel line of action.
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Addition : Let 1 2 3a a i a j a k  
   

1 2 3b b i b j b k  
   

Then      1 1 2 2 3 3 )a b a b i a b j a b k      
    

ie, if 3 2 4 &a i j k  
   

2 5b i j k  
   

Then 5 9a b i j k   
    

Vector joining two points
If  P(x1 y1 z1) Q(x2, y2, z3) are any two points then,

     2 1 2 1 2 1     
   
PQ x x i y y j z z k

Section formula : Position vector of the point P which divided the line segment joining    &A a B b
 

in

the ratio m:n is given by 
mb nar

m n





 

Qn.: Find the magnitude of the vector 2 7 3a i j k  
   

Ans: 2 2 22 7 3 4 49 9 62a       


 Unit vector along a vector a


is given by 
a
a




Qn: Find the unit vector along 3 2 4a i j k  
   

Ans: 3 2 4a i j k  
   

2 2 23 2 4 9 4 16 29a       


  unit vector along 
3 2 4

29
i j ka  



  

Qn: Find the unit vector in the direction of a b
 

 where 2 2a i j k  
   

 and b i j k   
   

Here a b i k  
   

2 21 1 2a b   
 

hence unit vector in the direction of a b
 

 = 2
a b i k
a b
 




   
 
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 Product of two Vectors
1) Scalar (dot) Product of two vectors

If a


 and b


 are two vectors, then a


. b


 = .a b
 

. Cos
Where   is the angle between a


&b


Results 1) a


. b


 is a real number
 2) a


. b


 = b


. a


 3) . 0a b a b  
   

4)
2

.a a a
  

5) . . . 1 & . . . 0i i j j k k i j j k k i     
          

6) Angle between two vectors &a b
 

is Cos = .
.

a b
a b

 
 

7) Projection of a


 in the direction of b


 is 
.a b
b

 


8) If 1 2 3 1 2 3&a a i a j a k b b i b j b k     
       

then

1 1 2 2 3 3.a b a b a b a b  
 

Ex. 1 Find .a b
 

where a


= 2 3 3 2i j k and b i j k    
      

Sol.
  - -a.b = (1x3) + ( 2x 2) + (3x1)   = 3+4+3 = 10

Ex. 2 Show that the vectors 
        

2i - j + k, i - 3 j - 5k and 3i - 4j - 4k  form the vertices of a right angled
triangle.

Sol: Let the vertices be A(2 ),i - j+ k ( 3 5 ) (3 4 4 )B i j k C i j k   
        

Then (1 2) ( 3 1) ( 5 1) 2 6AB OB OA i j k i j k           
        

(3 1) ( 4 3) ( 4 5) 2BC i j k i j k         
      

(3 2) ( 4 1) ( 4 1) 3 5AC i j k i j k         
      

Now . (2 1) ( 1 3) (1 5) 2 3 5 0BC AC         
 

x x x

ie, BC AC le ABC is right angled le  
 

Ex. 3 Find the projection of the vector 3 7i j k 
  

on the vector 7 8i j k 
  

Sol. Let 3 7 7 8a i j k b i j k     
       

Projection of 
2 2 2-

. (1 7) (3 1) (7 8) 7 3 56
49 1 647 + ( 1) +8

a ba on b
b

    
  

 

  
 x x x

= 
60
114

Ex. 4 For and two vectors &a b
 

. a b a b  
   

 (triangle enequality)

 2
( ).a b a b a b   

     

b


a

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. . . . .a a a b b a b b   
       

2 2
2( . )a a b b  

   

22 2a a b b  
  

 2
a b 
 

aa b b 
   

Vector (or Cross) Product of two vectors

The Vector product of two vectors &a b
 

 denoted by a b
 

x  defined as a b a b Sin n
    

x

Where  is the angle between a b
 

x  and n


 is a unit vector perpendicular to a and b
  .

So that , ,a b n
  

 form a right handed system.

Results:
1) a b

 
x  is a vector perpendicular to the plane of &a b

 

2) , &

, &

i j k j k i k i j

j i k k j i i k j 

 

  

        

        
x = x x

x x x

3) Unit vector perpendicular to  &a b
 

 is a b
a b

 
 x

x

4) If a


 and b


represents adjacent sides of a parallelogram a b
 

x  gives its area.

5) If a


and b


represents sides of a triangle, its area ½ a b
 

x

6) If 1 2 3 1 2 3a a i a j a k and b b i b j b k     
       

1 2 3

1 2 3

a b
i j k
a a a
b b b



  
 

x

Ex.1 Find a b
 

x  if 2 3 3 5 2a i j k and b i j k     
       

Sol: 2 1 3 ( 2 5) ( 4 9) (10 3)
3 5 2

a b
i j k

i j k       


  
    

x

17 13 7i j k  
  

Cauchy Schwartz inequality

. .a b a b
   

Proof

. 1a b Cos
a b

 

 
 

. , 0, 0a b a b a b  
     
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Ex.2 Find a unit vector perpendicular to each of the vectors a b
 

+  and a b
 

-  where

, 2 3a i j k b i j k     
       

Sol: a b
 

+ = 2 3 4 2i j k and a b j k    
      

u.v. perpendiculat to a b
 

+  and a b
 

-  is    
   
a b a b

a b a b

 

 

   

   
x

x

2 3 4 2 4 2
0 1 2

i j k
a b a b i j k     

 

  
      

x

Req. u.v. = 
 2 22 4 2 2

4 16 4 2 6 6

i j ki j k i j k
      

 
 

       

Ex. 3 Find the area of the parallelogram whose adjacent sides are 3 2 7a i j k and i j k    
      

Sol. Area of a parallelogram is a b
 

x

a b
 

x =      1 1 3 1 21 1 6 7 2)
2 7 1

i j k
i j k       



  
  

= (20) 5 5i j k 
  

Req. Area = 400 25 25 500 10 5 .sq unit   

* If a


 and b


 are two collinear vectors a b
 

x =0
* If A B C are collinear points then, 0AB BC 

 
x

* If , ,a b c
  

 are three coplanar vectors then,  . 0a b c 
  

x  (Since &a b c
  

x  are r )
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UNIT TEST

1) If a b a b  
   

 then angle between & ?a b 
 

 0, , ,4 3 2
   (1)

2) Given ABC are the points (2, 1, -1), (3, 2, -1) & (3, 1, 0)  find the angle between the vectors

&AB AC
 

(3)

3) Find the valur of  so that the following vectors are r (2)

2 3 4a i j k  
   

 and 3 2 j k 
 

4) Find a vector orthogonal to both 5j j k 
  

and 2i k
 

(2)

5) If D, E, F are midpoints of sides of a triangle ABC. Prove that area of triangle DEF = 
1
4  area of

triangle ABC. (3)

(Hints : Position vector of midpoint of AB is 
2

a b
 

)

6) It  is the angle between two vectors &a b
 

 then ( , cot , tan , tan )
.

a b is cot
a b

    

 
 x (1)

7) Determine area of the parallelogram whose adjacent sides are a b and a b 
   

. (3)

Where & 3 4 5a i j k b c j k     
       

***
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13.   THREE DIMENSIONAL GEOMETRY

Introduction
In this chapter we use vector algebra  to 3 Dimensional Geometry. Here we shall study direction

cosines and direction ratios of line, equations of lines and planes in space, angle between two lines, two

planes and a line and plane. Shortest distance between two planes, etc.

Direction Cosines and direction ratios of a line
If a line makes angles  ,  ,   with X axis Y axis and Z axis then Cos , Cos ,  Cos are

called direction cosines usually denoted by l, m, n. Any three numbers a, b, c proportional to l, m, n
are called direction ratios.

ie, 
l m n k
a b c
  

For  a point  P(x, y, z) in space x, y, z can be taken as direction ratios of OP
 .

Direction ratios of the line joining (x1   y1  z1) & (x2  y2  z2) are given by x2-x1, y2-y1, z2-z1

Relation between direction Cosines and direction ratios.

2 2 2

al
a b c


 

,   2 2 2

bm
a b c


 

,  2 2 2

cn
a b c


 

If  l, m, n are direction cosines of a line then l2+m2+n2 = 1

Qn: Find the direction consines of line which make equal angles with axis.

Ans: Here   =    ie, Cos  = Cos  = Cos
ie,  l = m = n = Cos
Now l2+m2+n2 = 1 
 2 2 2 1  Cos Cos Cos  

23 1Cos       2 1
3

Cos     
1
3

Cos 

ie, direction cosines are 
1 1 1, ,
3 3 3

 
 
 

Qn: Show that the points (2, 3, 4) (-1, -2, 1) & (5, 8, 7) are collinear

Ans: Let the points be A (2, 3, 4)   B(-1,-2, 1)  & C (5, 8, 7)

Now AB OB OA 
  = (-1 -2)i + (-2 -3)i + (1-4)k

ie, - 3 5 3c j k 
  

Similarly find ?AC


3 5 3AC c j k  
  
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d.r.s of AB -3, -5, -3

d.r.s of AC 3, 5, 3

here 
3 5 3

3 5 3
  

   ie d.r.s are proportional hence lines are parallel with a common point

ie, A   B  C  are collinear.

Qn: Find the direction coines of X axis, Y axis and Z axis.

Ans: Direction Cosines of X axis is 1, 0, 0

Y axis 0, 1, 0

Z axis 0, 0, 1

Equation of line  in space

Equation of a line passing through a given point A having position vector a


  and parallel to the

given vector b
  is given by   

 
r a b  (Vector equation)

  
  

r xi y j zk ,   1 1 1a x i y j z k  
  

,  b ai bj ck  
  

Then 11 1 
    

  y yx x z zr a b
a b c

  (Cartesian equation)

Qn: Find the vector equation of a line through the point (5, 2, -4) and parallel to the vector 3 2 8i j k 
 

Ans: Here line is  
 

r a b ,       5 2 4 ,a c j k  
  

     3 2 8b c j k  
  

hence required line is 5 2 4 (3 2 8 )r c j k i j k     
     

Equation of a line passing through two points A   & (a B b


 (r a b a  
  

 Where &a b
  are p.v. of this points.

Its cartesian form is 
11 1

2 1 2 1 2 1

y yx x z z
x x y y z z

 
 

  

Qn: Find the vector eqn. and cartesian equation of the line passing thorugh the points (-1,0,2) and

(3,4,6)

Vector equation  is ( )r a b a  
  

ie,    0 2 3 6 ( 2 )r i j k i u j k i k         
       

ie,  2 3 6 ( 2 )r i k i u j k i k        
      

Its cartesian form is 
1 0 2

4 4 4
x y z  

 

Angle between two lines 1 1 2 2r = a + λb & r = a + b
     

Angle between two line is the angle between their parallel vectors ie, 1 1&b b
 
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ie, 
1 2

1 2

.

 
 
b bCos
b b

If 1 1 1 1b a i b j c k  
   

2 2 2 2b a i b j c k  
   

then 
1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

 


   


a a b b c cCos
a b c a b c

Qn: Find the angle between the pair of lines.

3 2 4 ( 2 2 )     
      

r i j k i j k

5 2 (3 2 6 )r i j i j k    
     

Ans: Here 1 2 3  
   
b i j k  and 2 3 2 6b i j k  

   

then angle between the lines  
1 2

1 2

.b bCos
b b

 

 
 

1 2. (1 3) (2 2) (3 6) 3 4 18 25      
 
b b x x x

2 2 2
1 1 4 9 14; 2 3 2 6 49 7        
 
b b

25
14 7

Cos
x

Shortest Distance
Shortest distance between two lines  1 1 2 2&   

     
 r a b r a b  is given.

   1 2
2 1

1 2

.
b b

d a a
b b


 



 
 

 

Qn: Find the shortest distance between the lines

   
( 2 ) ( )

2 2

     

     

      

      




r i j k i j k and

r i j k i j k

Ans: Here

1

2

1

2

2

2

2

a i j k

a i j k

b i j k

b i j k

  

  

  

  

   

   

   

   
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2 1 3 2a a i j k   
    

1 2 1 1 1 ( 2) ( 1) (3) 2 3
2 1 1

           

  
      i j k
b b i j k i j k

1 2 4 1 9 14    
 
b b

       1 2 2 1

1 2

. 2 3 . 3 2

14

b b a a i i k q j k
d

b b

      
 



         

 

2 3 6 11
14 14

  
 

Distance between two parallel lines 
1 2&r a b r a bl m   

     
 is given by d=

 2 1b a a

b

x 
  



Plane: General form of a plane is
ax+by+cz+d = 0
or . 0r m d 
 

 where  m


 is the perpendicular vector to the plane. (Normal vector to the plane)

Equation of a plane perpendicular to a given vector and passing through a given point.

A be a point in the plane

Which is vector equation and cartesian form is A(x-x1)+B(y-y1)+ C(z-z1)=0

Qn: Find the vector and cartesian equation of the plane passes through the point (5,2,-4) and r

to the line with direction ratios (2, 3, -1).

Ans: Here 5 2 4  
   
a i j k  and 2 3m c j k  

   

Vector Eqyatuib of the plane is    (5 2 4 ) . 2 3 0r i j k i j k     
     

Cartesion equation  is,
2( 5) 3( 2) ( 4) 0
2 3 10 6 4 0

x y z
x y z
      
     

 

m


A P

and m
  perpendicular to the

plane P be an arbitrary point in
the plane then AP.m 0

   ie,

  
  
r a .m 0
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ie, 2 3 20 0x y z   

Qn: Find the equation of the plane passes through (1,4,6) and normal vector to the plane is i j k 
  

Ans: Vector equation to the plane is    4 6 . 0r i j k i j k       
      

Cartesian quation of the plane is x-2y+z+1 = 0

Equation of a plane passing through 3 non collinear points with position vectors , ,a b c
  

 is given by

ie,      . 0r a b a c a    
     

If ,

1 1 1

2 2 2

3 3 3

  

  

  

   

   

   

a x i y i z k

b x c y j z k

c x c y j z k

Then Catesian form of the plane is

1

2 1

3 1

x  - x
x - x
x - x   

1

2 1

3 1

y  - y
y - y
y - y   

1

2 1

3 1

z  - z
z - z 0
z - z



Qn: Find the vector equation and cartesian quation of the plane passing through A(2, 5, -3),

B(-2,-3,5) & C(5, 3, -3)

     . 0r a b a i a     
     

x

Where 2 5 3a i j k  
   

2 3 5b i j k   
   

5 3 3c i j k   
   

Cartesian eqn is 

2 5 3
0 8 8 0
3 2 0

x y z  
 


ie, (x-2) (16) - (y-5) (-24) + (z+3) (24) = 0
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Intercept form

Intercept form of a plane with intercepts are , ,    is given by  1x y z
  
  

If the intercepts of a plane are 2, 3, 4 its equation is 1
2 3 4
x y z
  

Equation of the plane passing through the intersection of two planes a1x+b1y+c1z+d1 =

0 & a2x+b2y+c2z+d2 = 0 is given by I plane + k (II plane) = 0.

ie, a1x+b1y+c1z+d1+k(a1x+b2y+c2z+d2) = 0

Qn: Find the vector equation of the plane passing through the intersection of the planes

 . 6r i j k  
   

and  . 2 3 4 5r i j k   
   

 and the point (1, 1, 1)

I plane is x+y+z- 6 = 0

II plane is 2x+3y+4z+5 = 0

Eqn of the required family of planes is

ie, (x+y+z-6) + k(2x+3y+4z+5) = 0 .............(1)

(1) passess through (1, 1, 1)

  1+1+1-6+k (2+3+4+5) = 0

-3+k(14) = 0     ie, 14k=3, k=
3

14
hence required plane is

x+y+z-6+
3

14 (2x+3y+4z+5) = 0

ie, 14x+14y + 14z - 8y + 6x + 9y + 12z + 15 = 0

ie, 20x + 23y + 26z - 69 = 0

its vector form is  . 20 23 26 69r i j k  
   

- Coplanarity of two lines

The lines 1 1r a b 
  

 and 2 2a b
 

 coplanar iff    2 1 1 2. 0 
   
a a b bx

Angle between two planes
Angle between two planes is equal to angle between their normals. Consider the planes.

 
 

1 1

2 2

. 0 &

. 0

 

 

 

 
r m d

r m d
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angle between the planes is equal to the angle between their normal vectors ie, 1m


 and 2m


1 2

1 2

.m mCos
m m

 

 
 

Distance of a point from the plane:

Let 0ax by cz d     be the plane and 1 1 1( , , )x y z be the point. Then distance between them,

d=
1 1 1

2 2 2

ax by cz d
a b c
  

 

Ex: Find the distance of the point (2, 5, -3) from the plane  . 6 3 2 4r i j k  
   

Sol: Plane is 6 3 2 4 0 &x y z    point is (2, 5, -3)

distance 2 2 2

6 2 3 5 2 ( 3) 4 12 15 6 4 13
7496 ( 3) 2

d
x x x 


      

  

Angle between line and a plane

Let the line be &r a bl 
    plane be . 0r m d 

 

.(90 )

.
m bCos

m b
q 

 

   ie, Sinq  = 
.m b

m b

 

 

Normal line
900

q
q
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UNIT TEST

1) Find the vector equation of a plane which is at a distance 7 units from the origin. (2)
2) What is equation of a plane through the intersection of the planes 3 2 4 0x y z     and

2 0x y z    and the point (2, 2, 1) (3)

3) The lines 
1 1 3 2 3 4

2 2 0 0 0 1
x y z x y zand          are (1)

(parallel, coincident, skew,  perpendicular)

4) Find the angle between the lines  3 2 4 2 2r i j k i j kl     
      

,

 5 2 3 2 6r j k i j km    
     

(2)

5) Find the equation of the line through the point (1, 2, 4) and the line

 2 4r i j k i j kl     
      

(3)

6) What are skew lines? Find the distance between the skew lines

2 1 3 1 2&
1 2 1 3 2 1
x y z x y z        (4)

***
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14.    LINEAR PROGRAMMING

Mathematical formulation of a problem

Consider the following situation

A furniture dealer deals in only two items tables & chairs. He has Rs, 50,000 to invest and

has storage space of 60 pieces, A table costs Rs. 2500 and a chair costs Rs.500. He esti-

mates that from the sale of one table he can make a profit of Rs. 250 and that from sale of

one chair a profit of Rs. 75/- He wants to know how many tables & chairs he should buy from

the available money so as to maximise the profit.

Solution:

Let x be the no.of tables y be the number of chairs that the dealer buys,

thus x0 & y0
The dealer is constrained by the maximum amount he can invest & by the no.of items he can
store.

ie, 2500x+500y 50000 5x+y100 & x+y 60.

The dealer wants to maximise his profit, thus

Maximise Z = 250x+75y

Thus the linear programming problem is

Maximise  Z = 250x+75y   such that

5x+y 100

x+y 60

x>0, y0

Graphical Solution

Consider 5x+y = 100

x 0  20

y    100   0

x+y = 60

x 0 60

y 60  0

100

80

60

40

20

O 20 40 60 80 100

y

x
B

Q

P

5x+y = 100 x+y = 60
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The shaded region is the feasible region.

POBQ is the shaded region.

Co-ordinates are, P(0,60), O(0,0), B(20,0), Q(10,50)

(  Q be the point of intersection of the lines 5x+y = 100 & x+y = 60)

Solve 5x+y = 100..........(1)

x+y = 60..............(2)

(2)-(1)  4x = 40

  x=10

(To find the Co-ordinates of Q we have to solve the equation)

5x+y=100  & x+y = 60

4x = 40

 x=10     from x+y = 60,  y=50)

At P(0,60),   Z=250x0 + 75x60 = 4500

O (0,0)  Z= 250x0 + 75x0 = 0

at Q (10,50),  Z=  250x10+75x50 = 6250

at B (10,0), Z= 250 x 20+75 x 0 = 5000

Thus we can see that the maximum profit to the dealer result from investment strategy (10, 50)

Review Questions

1. Solve the linear programming

Max Z= 4x+y Such that

x+y   50

3x+y   90

x0, y0

2. Solve Max Z=3x+9y Such that

x+3y  60

x+y10

x0, y0

***
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15.    PROBABILITY

Conditional Probability
Let E and F be any two events associated with a random experiment. The probability of occurance

of event E when the event F has already occured, is called the conditional probability of E. We denote

this by P(E/F).
( )( / ) , ( ) 0

( )
P E FP E F P F

P F
 



( )( / ) , ( ) 0
( )

P E FP F E P E
P E

 


( ) ( ) ( / ) ( ) ( / )P E F P E P F E P F P E F  

(Multiplication theorem of probability)

Independent Events:

Two events E and F of a random experiment are said to be independent if the occurance of one

event does not affect the probability of occurance of other.

In this case P(E/F)=P(E) and P(F/E) = P(F). If E and F are independent ( ) ( ) ( ).P E F P E P F

Eg:-

(i) In the experiment of throwing a die, event of getting an even number and event of getting a

number <5 are independent.

(ii) In the experiment of drawing  cards the event of getting a spade card and event of getting

a king card are independent.

Partition of Sample Space:
A set of events E1, E2,........................, En is said to represent a partition of the sample

space S if

a) 1 ,  jE E i j       , 1, 2,3,....................................i j n
b) 1 2 .................E E En S  

c) ( ) 0P Ei      1, 2, ...................... .i n
Thus the events E1, E2...............En represent a partition of the sample space S if they are pair

wise disjoint, exhaustive and have non-zero probabilities.

Theorem of total probability
Let E1, E2, ......................, En  be n mutually exclusive, exhaustive events with non-zero prob-

abilities of an experiment.
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Let A be any event associated with the sample space S.

Then A = AE1 2 .........................AE AEn  

1 2( ) ( ) ( ) .............................. ( )P A P AE P AE P AEn    

  1 2
1 2 3

( ) ( ) ( ) ( ) .................. ( )A A AP E P P E P P
E E E

   1
1

( ) ( ) ( )AP A P E P
E

Eg:- Consider the experiment of throwing a die

Let E1 = {1}, event of getting a no <2.

E2 = {2,4,6}, event of getting an even number.

E3 = {3,5}, event of getting an odd prime.

Here EiE1=  and E2 E3=S

Also P(Ei)>0.

{E1,E2,E3} is a partition of S.

Let A = {1,2,3,6} event of getting a divisor of 6.

A = (E1  A)  (E2A)  (E3A)

P(A) = P(E1A)+P(E2A)+P(E3A)

1 2 3
2 2 3

( ) ( ) ( ) ( ) ( ) ( )A A AP E P P E P P E P
E E E

  

3

1
1 1

( ) ( ) ( )AP A P E P
E


Bayes' Theorem:




1
1

( ) ( )
( )

( ) ( )
i

i
i

AP E P
EEP AA P E P
E

Proof:

We have P(E1/A)  = 1( )
( )

P A E
P A


E6

E1

E5 E4

E3

E2
A

E1 E2
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




1

( ) ( / )

( 1) ( )

n

i
P E P A E

AP E P
E

i i

When n = 2

P(E1/A) = 
1 1

1 1 2 2

( ) ( / )
( ) ( / ) ( ) ( / )

P E P A E
P E P A E P E P A E

P(E2/A) = 
2 2

1 1 2 2

( ) ( / )
( ) ( / ) ( ) ( / )

P E P A E
P E P A E P E P A E

Probability Distribution

A random variable 'X' is a number associated with the outcomes of a random experiment. Let 'X'

be a random variable assuming values x1, x2,......................., xn corresponding to various outcomes of

a random experiment.

If P(X=X1) = Pi, the set {P1, P2, ....................., Pn} is called the probability distribution of x,

where Pi>0 and Pi =1. It is also called the expectation of X denoted by E(X).

2

( )
( 2)
E X XiPi

E X Xi pi
  

 

To find V(X) we can use the formula

P(x)=E(X2)-[E(X)]2

(Proof: V(x)= 2( )xi Pi 
2 2( 2 )xi X i pi    

2 2 2xi Pi Pi xiPi      
2 2 2

22 sin 1xi Pi ce P and XiPi         
2 2( )xi Pi XiPi   

2 2( ) [ ( ) ]E X E X 

( )V x is called the standard deviation of the variable X.

Bernoulli Trials and Binominal Distribution
The trials of a random experiment are Bernoulli trails, if they satisfy the following conditions.

(i) There should be a finite number of trials.

(ii) The trials should be independent.
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(iii) Each trial has exactly 2 outcomes, success or failure

(iv) The probability of success in each trial remains same.

If P(Success)= p, then P(not success) = 1-p

= q, say

p+q=1

The probability of x success in 'n' Bernoulli trials is given by

P(X=xi)=nCxp
xqn-x

The probability distribution of number of success in an experiment consisting of 'n' Bernoulli trials

may be obtained by the binomial expansion of (q+p)n.

X 0 1 2 x N

P(x) nc1
nc1q

n-2
p

1 nc2q
n-2

p
2 ncxq

n-x
p

x px

This probability distribution is known as Binomial Distribution with parameters 'n' and 'p'.

Mean of the binomial distribution = np

Variance of the binomial distribution = npq.

Examples:

1. A bag contains 7 black and 5 white balls. Two balls are drawn from the bag one after the other

without replacement, what is the probability that both drawn balls are white?

Let E and F denote respectively the events first and second ball drawn are white.

Required prabability = P(E F)

= P(E) P(F/E)

= 5 4
12 11

x

= 5
33

2. Two cards are drawn successively with replacement from a well shuffled pack of 52 cards. Let

X denote the number of aces.

(i) Write the prob. distribution of X.

(ii) Find the mean, variance and standard deviation of X.

'X' can take values 0, 1, 2

P(X=0) = P(both non-aces) = 45 48 144
52 52 169

X 

P(X=1) = P(ace, non-ace OR non-ace, ace)

= 
4 48 48 24

52 52 52 169
X  

P(X=2) = P(both aces)
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=
4 4 1

52 52 169
X 

Probability distribution is  X   0   1   2

P(x) 144
169

24
169

1
169

( )E x xiPi   

144 24 11 2
169 169 169

OX X X  

2
13



Also E(x2) = 2xi pi

2 2 2144 24 10 2
169 169 169

X I X X  

18
169



V(X) = E(x2)-[E(X)]2

 
28 4 24

169 169 169
  

Standard Deviation ( )V X

24
169



= 0.3768

3. If P(A) = 
2
3

3 4( ) ( / ) ( )
4 5

P B andP A B FindP A B  

( ) ( ) ( ) ( )
( ) ( ) ( ) ( / )

P A B P A P B P A B
P A P B P B P A B

  
  

 

2 1 1 4
3 4 4 5
43
60

X  



4. Assume that each new born child is equally likely to be a Boy or Girl. If the family has 2 children,

what is the conditional probability that both are girls given that,

(i) The youngest is a girl

(ii) At least one is a girl

Here S={BG, GB, BB, GG)
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(i) Let A: Both are girls

B: Youngest is a girl.

Then A={GG)     B=(BG, GG)

P(A) = 1
4

    P(B) = ½     P 1( ) 4A B

1( ) 14( / ) 1( ) 22
  

P A BP A B
P B

(ii) Let C : Atleast one is a girl.

Then C = {BG, GB, GG}

3 1( ) , ( )
4 4

 P C P A C

1( ) 14( / ) 3( ) 34

P A CP A C
P C

  


5. A bag contains 3 red balls and 2 white balls and another bag contains 4 red balls and 3 white

balls.  One ball is transferred from the first bag to the second bag and then one ball is drawn from the

second bag.

(i) What is the probability that the drawn ball is red.

(ii) If the drawn ball is found to be red, what is the probability that the transferred ball is white?

We define,

E1: Transferring a Red ball

E2: Transferring a white ball

A : Drawing a  red  ball.

(i) P(A) = P(E1A or E2A)

= P(E1A)+P(E2A)

= P(E1) P(A/E1) + P(E2) P (A/E2)

3 5 2 4
5 8 5 8

X X 

23
10



(ii)
2 2

2
1 1 2 2

( ) ( / )( / )
( ) ( / ) ( ) ( / )




P E P A EP E A
P E P A E P E P A E

8
23


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Problem:

1. Consider the experiment of throwing a die, Let A be the event of getting an even number, and B

be the event of getting a multiple of 3. Show that A and B are independent.

(Hint: Prove ( ) ( ). ( )P A B P A P B

2. Find the mean and variance of the number obtained on a throw of an unbiased die.
21 25( , )
6 12

Mean Variance 

3. Bag I contains 3 red and 4 black balls, Bag II contains 5 Red and 6 Black balls. One ball is

drawn from one of the bags and it is found to be red. Find the probability that it was drawn from

Bag II.

(Ans:
35
68 )

4. A die is thrown 6 times. If getting an odd number is a success, what is the probability of,

(i) 5 Success

(ii) At least 5 successes

(iii) At most 5 successes.

Ans : 
3 7 63[( ) ( ) ( ) ]

32 64 64
i ii iii

5. Find the probability distribution of the number of double in 3 throws of a pair of dice.

Ans: X 0 1 2 3

P(X)
125
216

75
216

15
216

1
216
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***

UNIT TEST
(Linear Programming & Probability)

1) A man is known to speak truth 3 out of 4 times. He throws a die and reports that it is a six. Find
the probability that is is actually a six. (3)

2) Find the mean number of heads in three tosses of a fair coin (3)
3) A & B Throw a die alternatively till one of them gets a 6 and wins the game. Find  their respective

probabilities of winning  if A starts first. (3)
4) The graphical solution of an LPP is given below.

a) If the shaded region represents the feasible region. Write down thier linear equation? (2)
b) Determine the co-ordinates of the corner points O, A, B & C (2)
c) If Z=60x+15y is the objective function, find maximum Z. (2)

5. If A& B are events such that ACBP(B) 0 . Which of the following are correct? (1)

1)  
( )( / )
( )

P BP A B
P A

      2)   ( / ) ( )P A B P A     3) ( / ) ( )P A B P A   4) None

6) A & B are two events such that P(A1)=.3
a) P(A) = .4 and  .1( )P A B    then 1( ) .......P A B  (1)

b) The probability that A solve the problem is ½ and probability of B solve the problem is

1
3 . If both try to solve the problem independently Find the probability that

i) The problem will be solved (2)
ii) None of them will solve the problem (1)

10

10

20
30
40
50
60

20 30 40 50 60 70 80 90 100


